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to various network protocol packets.
The average packet delay under a CRA discipline is evaluated by a !iarkov

ratio limit theorem . To stabilize the channel, the CRA procedure is controlled
dynamically by a control policy which rejects any newly arriving packets within
certain tiim~—periods. Studying the associated Markov decision problem, the
optimal control policy is characterized as yielding a minimal average packet
delay under a prescribed packet probability of rejection. This policy is shown
to be a single—threshold scheme for which there exists a threshold value which
at t ains the minimum nrobabili ty of rejection. Perform ance curves are presented
to demonstrate the excellent delay—throughput characteristics induced by CRA
procedures.
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.-\ (;rOU~) Random-Access (Gl~A) access-control  d i s c i p l ine  for a m u l t i -

access comunicat ion channe l is  presented and studied . A GRA scheme

ti se~ on! cer t a i :i  channe l t i m e — p e r i o d s  to al low some network terminals to

t ransmit the i r information-bearing packets on a random-access basis.

The channel can thus be ut i i i  zed at other t imes to grant access to other

terminals , or other message type s , by applying , as appropr i ate , group

random-access , reservat ion or fixed access -cont rol procedures. (ft\ schemes

could also he utili:ed to provide channel access to various network proto-

col packets.

The average packet delay under a CPA disc ipline is evaluated by a

~irkov ratio limit theorem . To stabilize the channe l , the CPA procedure

is cont rolled dvnaniicallv by a control policy which rejects any newly ai--

ricing packets within certain time-periods . Studying the associated ~‘1arkov

decision problem , the optima l control policy is characterized as yielding

a minimal average packet delay under a prescribed packet probability of

rejection . This po l i cy  is shown to be a s ing le-th re sho ld  scheme for wh ich

the re e x i s t s  a threshold va l ue which a t ta ins  the m i n i m ~nn p r o b a b i l i t y  of

reject io n. Per fo rmance curve s are presented to den~ ns t ra te  t he excellen t

delay-throughput characteristics i nduced by CPA pr ocedures .

It’ ,
_ _ _ __ _ _  _ _  
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I . In t roduction and Sy stem l)esc r i1~t ion

~ct’ cons ider  a mu! t I - access broadcast channe l of capac I tv C bps

scrv in g :i network of t e rm ina ls .  A s i t e ! !  i t o  c onunhi n i c ; i t  ion channel , a

radio channel in a t e r r e s t r i a l  radio  network or a comtm icat ion l i n k  in

a broadc ast l ine computer communication serve as a few exam p les . The

channe l u t i l i z e s  a repeater ( such as a s a t e l l i t e  transponder or a r ad io

r e l ay  stat ion ) to enable each termina l in the network to conmiunicate

( throug h the repeater) w i t h  any other termin a l (see [1 1) .  ‘lessages t rans-

mi t t ed  by t h e  terminals are directed , th rough the channel up link , to the

repeater. The latter then sh i f t s  the message uplink frequency-band into

a d i s j o i nt downlink frequency-band and broadcasts the messages (so that

each termina l can receive any si gnal re flected by the t ransmitter)

throug h the downi ink cha nnel towards the network terminals. (Note that

no schedulings for message downl ink transmissions are requ i red.)

We assum e a synchronized structure . Thus , t i n e  (refe renced w .r . t .

repeater ’ s t i m e )  is divided in to  f ixed- length  du ra t i ons  of ‘r sec . each ,

called slots. An appropriate network synchroni:ation procedure is used

to achieve network slot synchronization. Terminals will start transmissions

of messages only at thues coinciding with starting times of the synchronized

tune slots. The channel is characterized by a propagation delay of R’t

sec., or R slots. Propagation delays are of the order of milliseconds

for packet radio channels and around 0.25 sec. for satellite channels.

Each terminal message is considered to he described as a packet of fixed -

length of’ hits (including protocol , information and parity-chec k hits).

Packet transmission time across the channel is thus (~ic)~~ sec. l~e set

T = (lic ) ’ 
, (1.1)



so that a slot d u r a t i o n  is equa l to the packet transmission time .

We consider a network of ~I terminals . Net. messages a r r i v e  at the

- - t h  termina l , i~~! , 2 , . . . ,‘l , accord i ng to a Pois son stream of i n t e n s i t y

k overall network messa~e (or packet ) arriva l st ream i s thus a

Poisson j)Oiflt process with intensit y

A = ~ A 1 mess ./s lot
i=l

thpon t h e  a r r i v a l  of a new message , a term i na l w i l l  i m e d i a t e l v  t r  to

gain access into the channel for this message. No terminal-buffer capacity

or blocking constraints are imposed . One can also consider a terminal to

poSsc~ s buffer storage for onl y a sing le message , and subsequently to be

blocked for new arr ivals  when occupied . However , when the network contains

a large numnber of active bursty terminals , the blocking effects would he

insignificant ; see [II.

To utilize efficiently the bandwidth of such a channel and grant

acceptable message response times to the terminals sharing t h i s  channel ,

one needs to apply an appropriate access-control disc ip line . Access-contro l

procedures employing reservation schemes have been recently stud ied in [1].

Using these schemes, each termina l needs to transmit a reservation packet

to reserve a slot (or numnher of slots) for a newl y arrived message. •Asst.nn-

ing a decentralized control mechanism , each termina l (while receiving the
— 

broadcasted reservation packets) stores in i t s  own queueing table the pres-

ent state of the reservation process , being subsequently able to determine

its own allocation of transmission slots. In a centralized control mode,

a central controller receives all the reservation packets and subsequently

instructs the terminals when to transmit their messages. flynamic reserva-

t 

tion schemes , considering single and multi-packet messages , are shown in

p
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~1 I to v i e  Id e x c e l l e n t  de I av t iro iigh put per Ioni iance chia ract  e i st i cs , over

the i~iio le range of modet -ate to  I i i  gli ne twork t ~~~ I t i c i ni ens it va hue s

For low network traffic intensit y va I, ies , when single—pac ket h i  ghlv

burstv termina l message proces.-~es are cons id ered , a 1( ’t ter  delay-through put

per formanc e , i nvo lv in g a much le ss sop hi i st icat (‘(I (di st ci  bii tecl ) access —

con trol procedu re , can be achieved by a random-acce-~s mechan i sm . ftc

l a t t e r  a l lows te rminals  to use the channe l at any t ime  to t r a n s m i t  a newly

ar r ived  packet. If , however , two or more packets c o l l i d e , the i nvnlved

messages are r e t r ansmi t t ed  f o l l o w i n g  an appropr i a t e  random r e t r a n s m i s s i o n

deh,~ l ) ol ic > ’ . I)u e to the s imple d i s t r ibu ted  contro l mechanism inv olved

with a random-access d i sc ip l ine , such a procedure can re-~i i l t  in si gn i f i c a n t

savings in hardware requirements (such as those i nvolving va r ious  multi-

plexing mechanisms), protocol and system complex i t i e s .  (See 
~~~~~ 

and the

references therein for the use of a random access technique in the \JJ)R\

compu te r communication system.) Furthermore , very low mess ;ige-d ela \ ’  va lues

are attained when a random-access disc ipline is utilized , provi ded that

low enough throughput values are acceptable. A simple slotted random -

access procedure, cal led slotted ALOHA (see [3}-[8]), is noted to allow a

max i ma l throug hpu t (channel t r a f f i c  capac i tY )  of 1/c = 1L 3( R packets/slot .

Thus , an average numnher of at most 0.3~8 packets will be success fu l ly

t r a n s m i t t e d  throug h the channel ( compared to a channel t r a f f i c  capacity of

1 packet/slot for TDMA and reservation schemes, see [I]). We further note

that a random-access channel needs to i ncorporate a flow-control mechanism

to avoid instabilities.

In various actua l situations , the designer is ready to accept channel

throughput values lower than l/ e  , whil e reqti i r ing a S imp 1 e distributed

p



access —contro l procedure . -\ random — acce-;s prncedii i - - 
, suc ’ a-~ t h e  s lotted

AIA ) h i-\ techn i que , is then an at t i-act ive cho ice .  In man ca’-~es , one des re~

to Iedi c ;lte on! cer t a  in port ion s  ii t he  channe l  t 01 raiie to 1 f : i n i i lv

of I1et~\ork termi na Is  w i shi I ng t o  share t h e  chiatme 1 I dur  i no these  per i ods

on a random access has i s .  l o r  t f tt t  purposc~ ~~ P~’e~~~ t and St  LidV in t h i is

paper t h e  Gro~~~j~ indom Access (CPA ) d i sc  i p l inc . Under a (
~ft•\ d isc  i r I l  inc

a grou p of network te rminals  a rc  provide d with periodic sequenc e of

channe l access periods , d u r i n g  which this group uses a i -an dom—ac cess

disc i pl inc to ga in  access into the channel . A p ack ot  experienc i ng col I i  -

s ion d u r i n g  a cer ta in  period w i l l  be re t ransmi t ted  during t h e  next access

period . Other groups of network termina l ( d i s t i n g u i s h e d  b y t h e i r  p r i o r i  -

ties , performance requi rements or by the s t a t i s t i c s  and n a t u r e  or t h e i r

information , emitting , for example , short-interactive or Ion~ev long-haul

messages ) can share the remaining t ime - frame dura t ion us i no aga in ~O\

proced~ires or other access -cont rol techn iques .

It is many times of particular interest t o  use a (ft\ procedure to

grant channel access to c e r t a i n  protocol p~icket s .  The l a t t e r  packets are

usua 11 v much shorter tha n the message packets so that  1 oi. through put va l ues

are acceptable .  At the same t line , the s iin le d i s t r i b u t e d - c o n t r ol  s t ruc tu re

of the (iRA is l i i  chl y des i rab le .  This is the case when reserva t ion access -

control  d isc i p l ines  are considered and ( s h o r t e r )  reservat ion packets need

to be t ransmit ted by the t e rmina l s  (see [ 1 1 - 1 2 ] ) .  The latter reservation

packets can be assigned p e r i o d i c a l l y  reservat ion per iod s d iir  ing which they

use a random-access procedure to compete for channe l access. T h i s  procedure

c l e a r ly  r e s u l t s  in a CPA access -control  mechanism , ut i 1 i :e~l by the f amn i lv
p 

of reservat ion p ackets .p
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Fhie appr oxi ma te t hi r oug hi p t i t  and del av - throughput performance of a

regular  ( s l o t t e d  AIA ) l IA) random-access procedure hav e been studied ( see

- E M  and references there  in ) , ng an ;ippr os i mat i ng ‘ ha rkov ian

channel s t a t e  i~rocc~ss . ( :ert~ in dynamic cont rol sc hemes which  s t a b i  i i  :e

the inherent  1’. un s t ab l e  slot ted AJX )J LA channel , have a iso been inves t  i ga t c~i

(b y  proposing ce r t a in  threshold control schemes , not necessarily optima l

and comput i ng t he i r  perfo rmance throug h the  ~‘issoc i :itei ( b \ n ; i - ~ i c — p r o g r a m m in g

ectua t ion , See [6] , [8 ])

In t h i s  paper , ice present a precise studs’ of the performance of a

Group l~ indom - Access disc ipl inc and i t s  opt m l  cI yn~uni c cont  ro l .  The

channe l i s  control led so tha t  the min ima l average message delay is a t t a ined ,

under an appropr i a t e ly  prescribed l)ack et probah i I i  tv of rej ect ion . The CPA

procedure is shown to yield de lay-th roug hput performance charac-

t e r i s t i c s  conq)arahle to those at tained by a regular  ( s lo t ted  .\IJ)I LA ) random -

access procedure , whi le  providing the netw ork designer w i t h  a muc h hi gher

degree of f l i x ib i l i t y  in g r a n t i n g  access to d i f f e r e n t  classes of i n fo rma-

t i o n  and protocol messages.

We note tha t our study of the CPA procedure as an access-control  dis-

ci pl inc for a mult i - -access  c~ iunun i cat ion channel , can he readl i 1 app i ic c!

also to non-broadcast channels , where a cent ra ! controller (or  other means)

is inco~~ora ted to provide the terminals  ~ I th  the relevant  (p o s i t  I ye °r

n e g a t i v e )  acknow1ed~ nent and control in fo nna t ion .

In Section I I , we present the network p e r f o r mance mea sur es and the

slotted ALOHA random access disc i pline . For the l a t t e r  scheme , we i nd ica t e

the re l evant character is t ics  associated w i t h  the evolut i on of the under ly ing

~Iarkov state sequence and the computation of t he packet delay function

.p
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n~ (;PA procedure is presented i n  Sect ion I l l  , w here we a lso  den c-c the

c l u i ; i c t e i i s t  Ic  s of i t s  u nde r l y i n g  ~laib ~oc stat e sequence and t h e related

in niuu h a s  v i e I d i  rui ~ the  ave u a g e  pac ket do I ;iv  . \n opt i ma I d yna m ic  con t ro l

p o l i c y  b r  a ( P A  channe l is  c h i a r a c t e r i ~~ed and s tud ied  in Section IV .  An

;u ~ soI lated ‘ la rk ov  dec i s ion  nj - oh i l e p i  i s  shown to induce  an oet ima l cor l I  1

I uric t ion w hi i cli v I e ids the m n  m a  I average p ck et de lay  under  a prescribed

v .u lue of p r o b a b i l i t y  of r e jec t  ion . The r e s u l t i n g  d e l a y  - throug hput char —

a c t e r i s t  ic~ of the contro l led CPA cha nnel , under the optima l s ing le—channel

cont rol scheme , are then i nch ica ted and demonst rated in  a set of f i g u r e s

present  ing pe rfo rmance curves . The appropriate  preferab le  s t ruc ture

(threshold values) f o r  ~i CR\ channe l cont ro l  h e r  i s  t hen noted.  The con-

t ro l l cd  CPA channe l i s  shown to e x h i b i t  excel  len t  delay vs .  throug hput

(or vs .  proha hi  l i tv of r e j ec t ion)  pe r formance curves (even when not all

the s t a t e  c e r  iah l  es a ic ohserv ahle)  over the whole ran ge ~i f acceptable

network traffic intensities (or re jection i r o b a h i l i t i e s ) .

-~~

p
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II . Network Performance ~1easures and the Pe~~~~ar (Slotted ALOL IA )
Random Access l) i sc i p line

~\ c cons ic ie r  : r svn chron r :cd ui ult i -access m i l i c i s t  c o n u n m i n i c a t  ion

channe l  l i t  c :rjl ;ic I t\ (. lips , a s l o t  dura t ion of T sec . and n r o p : i c r t  ion

~Ie I a~ of P sI  t s . l I r e  chiami ne I ~e m y c s  a Ia m e  c o m m u n i t y  of t cnn i

nals , generating new messages according to a Poisson stream of intensity

~ nc~~S. / s lot  . Fach messag e is considered ti ) ic a packet of f ixe d

length of o 
1 b i t s .  The packet t rans in  i ss ion time is set to be equa~

the s lo t  dura t ion , T = G(:) 
-

The performanc e of an ac ces s—con t ro l  d i sc  ip i inc app l ied  to th i s

clcuine l is  assessed in term s of the follow irg measures . .\ perfonnance

i nd ica to r  of major  importance is  the steadv- state average packet ca it ing -

t i m e  funct ion  F . The latter can be expressed as the  l i m i t  (when i t

exists)

- 1
= N L / 

~n (2.1)
- n = i

where denotes the wa i t i n g  -t imne of the n t Ii messa c in the system .

l i i  i s  \ca i t  ing t i m e , expressed in terms of number of s l o t s  , is measured fi nn

tIm e instant the  packet is t r ans nu i t ted by i t s  t e rmina l which hampens m t

t i r e  s t a r t  of the next slot fol low i ng i t s  ;urniva I , thus not inc l u d i n g  an

ave r age  of 1/ 2 — s l o t  de l ay  between actua l art- i c-a l and fi rst t ransmission

t o  t i r e  i n s t an t  the packet is success ful l t r ansmi t  ted . The oc era 11

t ea l~’ s l i t  e ave rage messagc de l ay  I) inc l udes thus a Iso s ing le-slot and

R- slot dunat ions t ~ account for the tnansm i ss ion t inc and propaga t ion

del ay , res pec t ive lv , assuc i ; u t ed r~ t ~hi :u success lul packet t ransm i ss ion .

l’~( t h u s  have ,

I) = ~‘, + g + 1 . (2 .:)

3 1 ’
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~\ — c i c c c ~~s f ur l  packet tuansm i ss ion r i 11 occur if the ir i cket  is  time onl y one

h e imi t u ; u i i - i - i  i t  ted in i t s  slo t  , w h i l e  pa ck e t  col his ion occur if more th an

a sin gl e packet is b eing t ransmitt ed in t h e -~; i r i e  s l o t . tenet nt ic  S

t he  muin h e r oh m i c c c s s t t i l  t r a n sn u i s s i o n s  i n  the  i — t h u  s lo t  ( 1 , 1 , i - h

t i r e  chr tunmi e  I t f u r o r i g hip ut i s  g_ I y en i v

= ~ 

~ i~ l ~i~~’ 
12.3)

e x p r e s s i n g  the channe l output ra te  (i .e. , the 1 un i t i n g  average number of

successfu l packets per slot).

(cc- w ill note , in Sect ion III , that to stahi l i :e the (~k-\ channel

c e r t a i n  packets w i l l  have to he denied access and lie ( a t  least temporari ly)

m c ’  i c c t e d  . Tire probabil I tv P~ in d i c a t  ing the p r o b a b i l i t y  of packet rej ec-

t ion icr 11 thus serve as another  index of l i e r fonn ance  . Note that i f access

( c - c c i t t  uaI success ful  t ransuniss ion) is then prov icled to al l non-rej ected

(accel lt ccl I nrc ket s , we uc 1 I l  then have

= (l - h ~~) . (2 .2)

‘hi r e S lo t t  ccl ALOh A Random-Access Procedure

The regular  s l o t  ted AL()I IA (SA ) r andom -access i i i  sc i pi inc operates as

Fe 11 u~cs

r o t  ocol (~ A dj s c~p l i n e ) :

A rrc ’ u ’. lv t i m - i - i ved t i c k e t  i s  t r ansmi t t ed  hv i t s  t e r m I n a l  at  the start

of the next shot . A packet t r a r i s r ru i ss ion (or ret rans in i ssion ) w h i c h  col 1 ides

w t h u  o ther  p ack et  t r ans rur i ss ions  is retransmit ted liv i t s  t e n n i n a  1 . ‘lime re—
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t rtrfn5nt i ss ion s l o t  is  chosen t i cc or d i ng to a uni loon distri bution over the

L I t  ~- 1 c m  1 lowing the  recept ion of the broadcasted collision Ii .e . , P

s l o t s  a t  t o m ’ t h e  t ransm is s ion of the l a t t e r ’  c o l l i d i n g  p a c k e t ) .  ih i ch

ini cket I s ho i m ug ret rans nu i t ted , governed by the Litter random ret ransmni s —

s ion dela~’ procedure , tin t i i  i t  i s  successfu l lv t r ansmi t t ed  (avoiding any

co 11 i s ions ) .

‘l’o i n d i c a t e  the evolu t ion of the channe l s tate process un d er  an S-\

di sc i p l ine , we de f ine  the following random var j ab  1 Cs.  Ice let An , N~~, Rn

and S~ denote the numbers of new arrivals , total transmis s ions , co l l i s ions

and successfu l  t ran smissions , respec t i v e ly , associa t ed w i t h  the n - t h  s l o t .

Ito fur t her set :
~ to denote tire number of packets al located for re t rans-

m i s s i o n  at t ire n-th slot . (V~ then note that {A
n ,n~

l} is a sequence

of i.i.d. random variables governed by a Poisson distribut i on ,

~ A k
l ’ (A

~n
=Ic ) = e , k 0 , l ,2 ( 2 . S (

(cc- have for n ~I

N = Z  ~~A = 5  ~~R , (2.61n n n n n

= N l (N �l) , (2 .~~)

- ‘ 
S = I ( N = l )  ( 2 . 8 )

where 1 (A) is the indicator func tion associated with event A , so tha t

I (A)=l if A occurs and J (A)=O , otherwise .

Consider now a set of K consecutive slots over which R trans-

missions (or retransmissions) are made according to a un i form distribution .
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The j o i n t  d i s t n i h u i t  ion of l~~ ~~~~~~~~~ ,‘l’~~~ I , ucherc ’ ‘I’~~~ de no te s

t h e  r i uu i r t l i c r  of t r ; i r r s i n : s s i o n s  ;rl located to t h e  i - t h  s l o t  ( o u t  of these

K s l i t s  and of t i r e  P transmissions) , i s  cei pil ted a - - te l l ows , let

l I ~ ~~~~ i = l  , 2 , . . .  , R } be P i . i . d .  integc ’r -v:rh ii n d randor’i variables cmi

to flu I v di st r i hut ed over I , K

PW~~’~~=k )  = K 1 
, k=l ,2 ,... ,i: . (2.9)

hl ien t~e h a t e

P
= 

~ 
I (tl~~~=j (, j=l , 2 , . . .  , K . (2.10)

- , . - - - (1) 12) - (K)f l i t is , uce conclud e that  the j o in t  d i s t r ih u t  ion of F ,T , . . . , 1’

g iven  R , is t ire multinomial distribution ~~~~~~~~~~~~~~~ g i v e n  by

i’{T~~ 
1 =n 1, i’~~~=n 21 . . . ,‘F

~~~ n K~
n l +n 3 + .  . .

~ n1. = P1

(K)
= g1~ 

(n
1 ,

n , , . . “K~
R

= 
n 1 !n , :.Th~~! (

~ 
) ( 2 . 1 1 )

where 0- n ’ R , i 1  , 2 , . . . , K , 1u 1 + ’ ~~~ 
= P

ciConsider ing now t lie S1\ procedure , we 1 (‘t ‘l’n
J ‘ denote the number of

n s l o t  c o l l i s i o n s  tn loc a ted for r e t r a n s m i s s i on  in slot n~R~ , 1 1  ,2 ,. . . ,K .
Thus , we determine from (2.9) - I 7. 11 ) t ha t  tire l a t t e r  v a r i a b l e s  have a

m i i i  t i n omia  I cond i t i ona l d i  str i l i mi t  ion given b

Pf’1’,~ ~ ‘~1 ~~~~~~~~~~~~~~~ 
= )~i I (2 . 12)

p
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rc’

i i .  = P , I i -  i i ’  P , i =1 , . . . ,I.

1 he S-\ cfr ;mri ne 1 state process can their he represented Is a ve ctor’

‘- i r i k o c  c ha i n  : = (: , n - l  F , over the s! ;rcc ’ of non - n u e g t i t  inn  nt  c -r -

uc!lc ’re ccc set
_ j (n) P7 (n)
— ‘

~ ~m r + l  ‘ ~n + 2 ’  ‘ ‘ ‘ ~
L n h R

denotes the overal l  number of ret  r t i m i s i - i  i ss ions ii lo cti t c1 t o  I ~ie

i - t h  slot by any c o l l i s i o n s  occur -ring at the n — t h  s i t , or - e a r l  e r

( i . e . ,  at tire j - t h  s lo t , w i t h  ~ n ) .  C l e a r l y , :~~ = 2 n~ l s ince  a l l

a l l oca t ions  for ret ransmiss ions at the (n~’l ) ct slot have i i  m m d c  been

ci h e at the t inc s lo t n . The transit ion prohahi ii ty funct inn  n r  l ;r r ~ c

chr ;i ~~ : is r -eadi lv  expressed i n  terms of the  f o l l o w i  m r g, c-xp re ss ions.

c i yen : , ne oht;r in : i - v  s e t t i ng
ii n+l -

_ .( n+l ) — 
. ,(n ) I’ ‘ ‘— P — -

~n ÷l ~~i 
— 

~n~ l~~i j

- ‘ t n + i )  
= ~(n) + ~~~ ~~

- - 

~~~ 
1 1 -

~r r + l  + R + j  ~~ I +P+ i n~1 ‘ - - )

where ::r~?~ + R + i  = 1) , and {‘I~~~ } are governed by d i  s t r  i l u u i t  ion
( I . )  

~~~~ 
. Ii us , we have

ii + i

+ A 1 , (2.13c )

~n+ l  N~~ 1 I (N ~~~1 
-2 )  (2.

= 0 , i~~~j -  I , i f  R~~~ =O , (2 . 13e )

p

_  
- - --__
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= n . , l~~i I ~~R ÷1 = P )  = g ( L )
i n  n )  , ( 2 . 1 3 f )

where O n  P , 1 - h i -  , mu = P 1)
- I

Lquat ions (2 .  13) thu s spec i t t ire t r ans  i t  ion iu-ehtih i l i t  v funct  ion for

t i r e  channel state sequence Z ( I  i g .  2 .1)

Fly [dls. (2.3) , (2.8) , the channel through put s s a t i s f i e s

s = ~~~ N ’
~~

’ 
P(N =l)  . (2 . 14)

I i  one assumes the re t ransmiss ion count ing c - a r i ah l e s  to he governed

by a Poisson distribut ion w i t h  mean Z (see [ 3 ] - [ T ’ ] )  then , by (2 .13c ) ,

will follow a Poisson d i s t ri bu t i on  with mean N = . Subsequently ,

we obtain by Lq.(2.14),

s = 
~~ oxp (-~~) - e

1 
. (2.15)

i t  has in fact heen observed that  e is the maxi m a l possible throughput

of an SA channel. We not in  ( 2 .  15) that tire channel throughput increases

w ith N till N= I and , as N further increasc’s , the channe l throug hput

rap i d l y  decays to zero .

~ —~~~~ -~~ Due to the hi -stable nature of the SA channel (see [Si , [~~j )  , the

unde r ly ing  ~tarkov c h a i n  Z i s  readi ly  noted to  be transient , and the

packet average delay I) subsequently becomes a r h i t r a r i l  h i g h , 11= W = o o

l)e lay-through put performance measurements for the SA channe l are many time s

obtained by adm it t ing new packets into the channel only for an appropriatep
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f i n i  to du ra t ion  N 1 . The l a t t e r  d u r a t i o n  can he chosen , a s sum ing

, as

N
1
(L

1
) = ~i- { u i :  ri ‘ 1 , ~~~ l

~~
} . (2 .1 (m )

l ine - . , t i r e  channel is a l lowed to admit new packc-t s as long as no mo ie  than

s lo t  c o l l i s i o n s  are obsem-ved . (Note h~- ( 2 . 1 5 )  t h a t , fo r  .1 , the

result  ing channe l delay - throug hput performance i s  qu i te i nsens it i t-c to the

va l ue of L 1 s ince , when R~ > 1 , the throug hput and message-delay va l ue s

rapidl y decrease and increase , respectivel y.  i To analyze  the SA scheme

u~. i t h  ( 2 . l ~~) incorporated , we rep lace An+ l  in (2 . 13c ) w i t h  a control led

arriva l variable ~~~ , n T’ 1 , given b

A , if n < N ( L )

\
( c )  

= 

n 1 1 
i 2 . F )

0 , if n - N 1 (L 1 )

I c l l o w i n g  t i r e  N 1
-th  slot , packets cont inue  to be r e t r ansm i t t ed  un t i l

the N , -t h  slot , where

N 2 
= c~~{n: n � N 1, 

~n
=°
~ 

-

‘ro ob t a in  tire average packet w a i t i n g  t ime associated w i t h  such a controlled

SA channel, we can further assume that tire same channel operation is re-

peat ccl f o l l owing  the N
2 

- th slot of each ope rat ion period . (This readily

fol lows by not ing  that  tire r e su l t ing  state process is  a regenerative sto-

c h a s t i c  process , w i t h  a regenerat i on period of length N , , and E(N 2 ) <~~

see [1OJ .)

The result ing Markov Chain is then clearly positive-recurrent .

The associated average message waiting-time function ~ is then calculated
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ii~~ i mu g a \ ki  m’k ov rat no ii ri m i t  t J reum’e r r m , f~~c 11  ow i ng t i r e  pr ocelimn m - t- presented in

I , Si mi ce t h e  l a t t e r  p r o c o d mi me  15 u t  i i  i ~ed here to  twa I v ,’e t h u e m R A

scheme , we be ’ i e l i  ~- s u  nugura r i ze i t

I or an i rr educ ib l e  pos i t  i t-c - recurrent ~lark nv clia i n  ~~~ , or

we set ~ ( , : ) and It) - , F as the nivnher of newl ~ a drn i t ted packets and—n —n+l —n --i-i~ l -

t h e  s u v ci  of the w a i t i n g - t i m e s  of a l l  t r a n s m i t t e d  pa ckets , resec-c i i c c l v ,

during the i- i—t b  t irure per iod associated w i t h  ( i .e . , the n - t h  s lo t  for

t ine  S\ procedure) . For our app l i ca t ions , the lat t e r  functions are noted

to he time-homogeneous and to depend only  on ( Z , Z 1
) , for each n > I

lturt lie n note that  , as ~1

n~~1 
N ( Z ,Z~~ 1) , w . p . l .

Subsequently , we can wr i t e

N ‘-1

~ ~~ ~
i ’ c  9.TL_ = L i r r ~ ~~~~ —------—- P 18)N ‘

~

~ N (Z  )- —n ’ -m-u+ln= 1

w i t h  p r o b a b i l i t y  one . We now apply a Markov r a t i o  l im i t  theorem (see [91 ,

p .9l , Theorem 1 , and [1]) to the vector ~‘larkov chain {Y ,n ? l} , where

1 = {Z ,Z } . The latter is an irreducible positive -recurrent Markov--t r -ii —ni- I

cha in  w i t h  the stationa~~’ d i s t r i b u t i o n  {~ ( i , j ) }  . We then conc l ude tha t

W 
!~[W ( ~~~, Z~~~1 ) J  

, (2.19a )
i i [ N (~~,1 ,Z ÷1 ) I

p
wire re 

~~~~~~~~~~~~~~ ~~~~- - - - - :
~~~~~~~~~ .~~~~~~~~~~~~
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F [ w ( :  ‘ i r i - l  = 

~ 
ic) i ~~~ i , ,i )  , ( 2 .  l9h )

I~!N i: ,:~~ 1 
) J  = 

- ~ 
N) i , i  )~~I i , j ) , ( 2 .lY c )

I ,)

i-or t ire SA channe l described i)y the ~1;ni kov s ta te  sequence

ice rave

s(: ,: ) = ~(c )  
, (2.20a )- -i-i --~r÷l n

it ( :  ,: ) = R 1~(c) + [T~~~+ ZT
(c) 

+.  • .+ LT (L)
1 (2 .20b)- m r ir + 1 n n n n

In It c h . ( 2 . 2 0 h ) ,  we have inc luded a propagation delay of P s lots  for

each of tire R~ coll id ing  packets , as well as addi t iona l delay terms

incorporating the positions {T~~~} of the retransmissions within the

corresponding set of L slots. Variables ~~~ are expressed by

(2.l3h) in terms of (Z ,Z ) and their conditiona l distribution is—n —i~ -1

g i ven by ( 2 . 1 2 ) .  Subsequently , 1:( 1~( i )~ p (c) ) = 1
i~ (c) , so tiiat we

oi)ta in

= [R + ~(l+L)]R~~ . 12 . 2 1 )

Ito note tha t since , for the present case , we have

N 2 - N?-~~~~~~ 

~ A~~~ = 
~ 

S ,
n=1 n 1

we can also set

N(~~ ,~~ i-1) 
= S . (2 .22 )

~~ . ~~~~~. . . .
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Using Fcjuations (2.20a), ( 2 . 2 1 ) -  ( 2 . 2 2 )  in  ( 2 . 1 0 ) ,  we o b t a i n  the f o l l o w i n g

I-esu I t

1. For tire regu [a i si (it t edl F A lOi i-\ I random -access . scheme , i nput -

~ omi t  r e l i e d  as represented by t i re  umudl er l v i  ng ‘k i  rk ov ~~ liti in process

tire 1 in i t  i ng average packet wa i t  i ng t hir e P i s p i yen by

W = [R + !(+L)lR~
c) , (2.2 3)

where (~-(c) dcnotes the limit ing average nimiher of retransmiss ions per

packet , and is given by

-
- :( )(c) m:cm ~(c)5( C )  

= 
l,U\ ) = 

- ) 1 ’

where E(R ~~~ ) ,  L(A (c) ) and I~(S (c) ) are the l i m i t i n g  means ( i~. r .t .  the

measure ~ ( iJ )  ) of p (c)  \ (c) and S~~~ respect i velv , and s (c 
~=F (S (c o

is the  channel throug hput .

Theorem 1, which serves as the appropr ia te  version of L i t t l e ’ s

Theorem for the present scheme , al low s us to compute the average packet

w a i t i n g - t i m e  W from the l i m i t i n g  mean RA
(
~~ 

a s s o c i a t e d  w i t h  ~lark ov chain

The la t ter  mean can be computed by numerical  methods or s imply
I

throug h a s imulat ion of Z C ) (using the recurrence relationship in the

f low d iagram of Pi g. 2 .1 , wi th  An rep laced by A~~~ , an i  appropriate

res tar t i ng condi t ions) .  The delay-throug hput perfo rmance of such an S-\

scheme will be presented in tire next Section . The delay-throughput perform-

ance characteristics of this input-controlled SA sc ’beme are basically s i m i l a r

p

_______________ - — - - .,,aaa~~-a~~~~fl. ’t f” ~ - - - -  -
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to those presente d m r  othe r s t u d i e s  of SA sciremes (see [3] - [ 8 ] ) .  The

~t -nm’kov -. t .1 t e  process ~lesc i’i pt i cii and ana l V~~ i s present en! a is ) t e serve to

present ti n e - - -.onrt ia i points m e le ttin t to ol in  : n i i ; i l v s i c  of ’ a GRA scheme ,

is comnipa i-ed w 1 t i r  those of an ~~~~ procedure , as wel l  as to introduce and

and describe the underlying stochastic mechanisms to he u t i l i z e d  here.

Tire t k-\ access -con t ro l scheme is  oresented in the next  -~ect ion .

p

pp
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III.

To present t i m e  (roup Random-Access (CPA ) proced ure , ~e i d e n t i t y

f i r s t  the sequence of periods Br~ ,n 1 } , during win ic ir t ire gi-oup of

terminals under cons iderat ion are a] lowed to contend I or ci rannel - ic ce — s

I’ire n - t h  per i ocl B~ is  tms smmmed to conta in K success i vn - channel slots

K > I , and thus he of d u r a t i o n  PT sec . The d i s t ance  between B~ and

B , measured in ternrs of the nurnui )er of s lots  f o l l o w i n g  B and pre-n i - I  n
cedling B1+ 1  , can be taken  to he g i c e n  by any f i x e d  number of slots not

smaller  th an the I)ro P~igat iOn delay P • With no loss in g e n e r a l i t y ,  we

thus assume in the f o l l cw i n g  ana ly s i s  the la t ter  distance to be equa l to

P , for any n ,n ~ I

If N groups of t e r m i n a l s  are set to u t i l iz e  the whole channel ca-

pacitY , each using a CPA procedure, channel t ime is decomposed in to  the

union of N such periodic sequences {B~
’
~ ,n ~ 1 , l~ i-N } , so that

is followed by B~
’
~~ ,i < N , and by ~~~ by B~~~, n � I . The i-t b - i

group of t e r m i n a l s  w i t h  an overall t r a f f i c  rate A l l )  uses t i-ne ci-iannel onl y

diur ing  periods ~~~~~~ n � l} , and thus does not interfere  w i t h  the trans-

missions of any other group of terminals. Since the performace character-

istics are then the same for any group of terminals , except for varying
p 

values of A , R and K , we need to study the performance of only a sing le

group of terminals which we assume to have an overall traffic intensity A

and to emit newly arriving packets , following Poisson statistics (see (3.1)),

only within tire sequence of periods {Bn ,n
~
l}

Alternatively, if we utilize only periods (Bn ,n?l} to serve a

family of network terminals on a (RA basis , we again assume the latter

family to produce new packets according to a Poisson process supported on

p
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) B , n - 1 } i . e . , the number of newly m r  r iv ing pac Pets dur i rig 1
~n

dienoted as \ , is a Poisson v a r i a b l e  r-. i th mean K A

- K - (K \ 3
= e - - , 0,l ,~~~~,. .. , H. 1)

w i t h  these -\ new a rr i va l s  uniformly d l i s t r ib u t e d  over t i m e  K s l o t s  ofn -

B , and {\ ,n - l }  be i ng a sequence of i . i . d .  ran d o m - v a r i a b l e s .  Thus ,

new packet a r r iva l s  u t i l i z i n g  the CPA 1)rocedure and occurr i ng ou t s ide

{B1 ,n -~l }  , can he uni formly  d i s t r i h u t e d  for t r a n s m i s s i o n  over tire fo l low-

ing period of K slots , and subsequen t ly inc luded in ti-ne above-ment i oned

arrival model , with ~ appropriately computed as t i re  average number of

new packet a r r iv a l s  i~’r u t i l i z e d  s lot . The extra delay term , exp re s s ing

the packet w a i t i n g-t i m e  from a r r iva l un t i l  f i r s t  t ransmiss ion , is a g a i n

not i ncl uded in tire fo l lowing  wa i t ing  t ime and delay functions , but is

re: ih il y appropriatel y added . Consider ing the above-mentioned a r r i v a l pat  -

terns , the CPA scheme operates as follows .
p

Protocol (CPA disc ipline) :

I .  New l y arrived packets are transmitted in the  next s l o t .

2. Packets co l l id ing  w i t h i n  Rn are r e t r ansmi t t ed  w i t h i n
p

f-; ,n- -l , at a slot determined by a un i fo rm d i s t r i b u t i o n  overn i - i  -

[l,K].

3. Fach packet is being t ransmit ted and re t ransmi t ted  u n t i l  success-

f u l l y t r ansmi t t ed , or u n t i l  rejected from the network by a network

control procedlirre .

P

p
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Ito note that step 3 in the CPA protocal incorporates the possibilit y

ol packet re j ection control to y i e l d  f i n i t e  packet average de lay - t ime s ,

as noted for the SA scheme . The related opt ima l contro l ana lys i s  w i l l  be

pr e~o n t e d l  in the next section . We w i l l  present in t in s section a few bas i c

cha rac t e r i s t i c s  of the CPA scheme .

-\s in Section I I , we let A , N , P , S and : denote the numbersn n n n fl

of t o t a l  new a r r iva ls , t ransmissions , col l is ions , successfu l t ransmiss ions

and! packets allocated for retransmission , respec t ively , w i t h i n  the n -t h

period Bn - The arriva l process ~A1~,n�l } has been charac te r ized  by 13 .1) .

Rela t ionships  (2 .6 ) - ( 2 . 8 )  hold here as well . Furthermore , we can w r i t e

here for n~l

p 
Z l 

= Rn , (3 . 2 )

so that liq . (2.6) now becomes

N i-1 
= R + A

1 
= S 1 

+ R~~1 . (3.3)

The CPA channel state process can be represented as a vector ~larkov

- 2Kchain = {Z~ ,n~ l } , over [li t -  space g , where we set

= {T 1’
~ A ( 1) i=1 K }n ‘ n ~~~~~~~~~~~~~~~

ar id and denote the n~~nrher of ner~ arrivals andl the number t~I

r et i -ansimiis sions , respectively, allocated to the i - t h  s lo t  w i t h i n  Rn~ f l ’ l~
1 - i - K  . The t ransi t ion p robab i l i ty  funct ion of is ob tained as fo l lows .

p

p
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)\~ - r i o t  c that the arr i t-a l variables ( - \ ~~~ ~ } are  statist i ca l i v  i ndlependent of

and are  cha rac t e r i zed  by ( 3 . 1 ) .  The v a r i ab l e s  ~~~~~~~~~~ ) depend on

~in1y through Rn which is g iven by

K -

P = ~ R~~ , (3. Ia)
~ j= l  n

where for each j , j=1 ,2, . . . ,K

= ~~~ I ( N ~~~� 2) , (3.~ h)

and

~~~ = T1
~~ + ~~~ , (3.k)

Ii n n

for n~ l . Condi t ional  distribution (2.12) is then app l i ed  here to y ie ld

mu ltinomial dlistrihution (2.11),

P {T~~ = 
~~ lsi- K~R~~J} = g 1

~~ in , . . .  ,n~)

= 

~

-

~

-

~

-
.~~
-: n~T 

~
) ~ ( 3 . ~~

K
where ~~~~~~~ i=l ,2 , . . . , K , ~ n. = j

i=1

Equa t ion s (3 . 1 ) ,  ( 3 . 4 ) -  (3.5)  thus y ie ld  the t r a n s i t  ion probahi l i t v  func t ion

f o r  the Markov state chain 2, One observes that fl4j depends on

on l y t h roug h Rn . In l)~i r t  icular , we note that R = {R ~ ,n~ l } is now a
p

Markov cha in  over .~~~ , wit h a t r a n s i t i o n  p r o b a b i l i t Y  func t ion expressed

p
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through ltqs . (3 . 4 ) - ( 3 . S )  . A I l o~ d iapram indicatin g the transition

P R is shown in Fi g.  3.1 . A! s~ included ! in  the  f i gure is a de-n n + l
c is  I ~n box i mivo It i ng t i-n e computa t ion of the (1—1 cont ro I variable I 

~~
as dletenhnined liv the ta lim es of and 11n II  1

= 11 
~Rn ‘‘~n~ 

The control

t ar i able 11 is used to block t l f l \ ’  new arr i ta 1 s be i mu~ set (‘qua 1 t o  1n -

in  a x- i iod during wh 1 d m  a l l  a r r i va l s  are re j ected and equa l to 0, other-

wise , thus i nducing the controlled arriva l variable A u)= (1- l b ) \ ( J )
n n n

= 
-
~~~ \~~~j = l

The throughput variable S~ i-1 is g iven by

K -

5 = ~ l ( N ~ J~ =1) . ( 3 . 6 )n i- i  - n i- Ij = l

itt - t i re mu l t i n o m i a l  d i s t r i b u t i o n  (3 .5)  and di s t r i b u t i o n  ( 3 . 1 ) ,  we conclude

that N~~~ (Iiq . ( 3 . 4 c ) )  is governed by a binomial  d i s t r i b u t i o n , given

= A * ft i- k ~Ku i - I ni-I Ti

P~N~~~ = u N  
1

=
~~~~ = () (

~ 
(i- 

~
) , (3.~~)

e 0~ i - ~j , j  -o . Hence , by (3. 6) - (3 . 7 ) ,  r%e ob t a in

= l~{N 1 (i- 
I )N l 1 } , (3 . 8)

Not ing that  xa X 
~e 

1 
ILn (a 

1
)1

_ i 
, for x~ ( )  ,ti� l , we o b t a i n  t i r e  PA channel throug h-

1rm i t s , expressing the average number of ~tuc cessfu l tr ansmn i 55 iOns p~’r slot .

—
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tipper hiouildledl as

- 1 
- - 

~~~~it 1
e (K-l ) (~u [ ( l+( K - lr ’ l  = 

c 1’K ‘ 
1 )

I t  i s  outed that t i re  maximal va l ue of EH N } i s  a t t a i n e d  - i tni-I n i - i
= i - i - I where N~ i-1 is given by the integer part 01

Note also that N*÷1 ~K - l  . Funct ion  i s  v t - rv

close to I for any K - 2  , and C~~ 1 as K . \l so , K 1
N* l- K n+ l

ti~ K . By actual s imula t ion  of a CPA channe l , t~c f u r t h e r  t en  fv

(see f i gures in Section 4) that we can a t t a i n  s = (
~~~ ~— . We have

thus  conc luded ti-ne fo l lowing  resul t .

Theorem 2 .  \ CPA scheme w i t h  K s lot  period s has a max i ma l through put
l _  1

of  C — .e K e

We note that , in deriving the above maxima l throug h put r e s u l t  in

3 .0)  , we have only Ut i i i  zeti the unj  form d i  s t  r hut io m r t i s soc  iMted w it h

allocating retransmissions andl the conditional distribution of new arrivals.

Otherwise , the distribution of A~ can be chosen a r b i t r a r i l y , and need

r u t  he a Poissomr distribution .

It  is  read i ly verified that the state sequences and R are tran-

sient , and thus 1)= It ~ - , when tire channel is uncontrol led ; i .e .  , when

(In t hat purpose , cons i d l e r  ing uncontrolled R -i.. i th the t m i n ~ i 
—

t ion p r o b a b i l i t i e s  P
~~1 , not e that

; P ‘ 0 - V P - n
- 4- i i  i ‘ -

~~~~
- H ~i ‘

i . ’ — 1 J 
J~~~~

l -
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i ncreases mnonot on ical IY to I - r: ( - K ) U , and

dl diec reases exponent ia I ly to 0 . Subsequent I v , a randl (xu I wa I m~ i t  h a

t r a n s i t i o n  p r o b a b i l i t y  func t ion 
~~ 

, where ~~ ~ K = q 1 +
~~ 

2~
P~~ = l - P j -d 1 1 i s  noted ! to he trans ient , thus imp l y i n g  th at R i t s e l f

I r r m n - ~ r e n t .

To note the evolution -n of the mean number of period colli sions , we

flk rporate Eq. (3 .8 )  in to relation 13.3). We then obtain , for nd

not ing that N , = A + N - Sn+~ ~~
+ _ n i- l  n+ 1

b f N Z I N I } - N 1 = 

~~“n+2~ 
- N 1(1~ 

i ) N i~~l 
13 . lO a )

tuk!  the refo re ,

N - ln i - I
E ( N n+2 ) - E ( N i-1) = E(A 2 ) - E~N 1(1~ ~

) . (3 . i f l h

Also , since R~i-1 = P.~ 
+ A~i-~ - Sn+i , we have for n ’l

( 
I 

R i - A
= L~ (R~ + A~i-1 ) ~ 1- ( l -  

~
) j~

. ( 3 . 1 1 )

Note  in  Eqs .(3 . 10)  that , as t he tota l number of period t ransmissions

L 
increases , the thr~ighput rap idly decreases and subsequently

[(N 7) - E( N~~1) E(A~i-2)

When the channel is controlled , Eqs.(3.10)-(3.1I) still apply if  we rep lace

the a r r iva l variable A by the controlled arrival variable A . In par-
r LI
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t i c u l a r , we ob ta in  from (3 . 1 1 1  t i re  c o n d i t i o n a l ~~~~~~~~~~~ ~ j I ,
in — I

i )  1
~~

1’n i- l Rn = 
~~ = 

~m I , (3. 12)

w i l d - m e  i 1) , _ m = 0 , l , g iven by t h e  t o l l o w i n C  P r o m i o s i t  ion .

‘ H l~)O~- i _t _ i2~p_ 1 . i o n  a C k-\ scheme , m~e have for i ~1)

11 1 ( i )  = i[l -( l~~ )i~~1] , 13. 1 3;i j

a rid I

- F -I I \ ‘~~~ I -I I
R0

(i) = i [I -e  k’ ~~ ) 
ii-  K

~ t)e 
I\ i 

~
-) j . (3. 13h )

Pr o o f .  Eq .  (3 . l3a ) follows from ( 3 . 1 1 )  when we set 
\~

+
~~

= 0. Eq. (3 .1 3h)

ohta i nod by eva lua t i ng time expectation in ( 3. i i )  , wi th ~ 1 governed

1w a Po i sson d i s tn i hu t ion W i  t ir  mui ean and set t i ng 
~n

=

~ .E.V .

Functions R
0(i) and i) g iv en by Eqs.  ( 3 . 1 3 ) , are shown in

F i g .  3.2 . Note that R1 (i) = R~~ ( i )  , 1 (1 , fo r  ‘ ( )  . 1:or any A -o

- - —~~~~ P we observe Rn ( I )  to Ire a imionotonical l y inc retit— i u u i ~ fu n c t i o n  of i

k i t i r  a s1opc mon otonic a llv  inc reas ing  to a ra t hem - constant  v a l u e  (alruxs t

rd - tn  l i n e ) ~ th i n  o- 1 2 K . i o n  large i , P~~( I )~~i , as ~~! u 1 P0 ( i  ) = l .

We tu r t  iron observe tha t  ~0 (i  I - ( i  ) K \  for i ‘K , arid tha t

K - f l  -e~~ ) = R0 (0) < i~)(~ ) 
j+~ \ , (3 . 1- 1 )

p

- -~~~~~~ . ~~~~-- - -— _ _ _
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and , by se t t ing  ~~= ( )  i n (3 . 1 4 ) ,  we also note that

0 - i~ j ( i)  
-
~ i . ( 3 . 1 5 )

The lower hound in ( 3 . 14) c l e a r ly  s pe c ’f i e s  the  t i ve r t ipe  number of c o l l i s i o n s

among i-newly a r r iv ing  packets during any period .

The computation of the average l ac  ket wa i t I ng - t inc (or any other

urKmi ent of i t s  w a i t i n g - t i m e )  is now presented f o l l o w i n g  the procedure used

in Section I I  here and in [1] .  For this purpose , we assume that  an appro-

pr l a t e  control function U =U( . )  is chosen , so that tEme ~1arkov s ta te  se-

(luences Z and R are irreducible positive-recurrent . The trans ition

probabi l i ty  functions and stationa ry d i s t r ibut ions  of and R are denote2

by z~~’~~ ’ ~~~~~~~~~~~~~~~~ , and 
~‘R~ ’ ’~~~~’ 

{
~ R (1 } , respectively . .-\s in

Section II , we set N(Z , ) and IV ( , ) as ti-ne numbe r of newly ad--n -ni-i -n -ni- I -

mit ted  packets in Bn and the sum of the w a i t i n g - t i m e s  of a l l  packets tran s-

mit ted  dur ing Bn reapectively. Aga in , these functions tire noted to he

timne - homogeneous and to depend onl y on xi ’~ n i-1~~’ n�l . Considering non-

degenerate cont rols that y ield a packet re jec t ion  p r o b a b i l i t y  (P 1~) less

than one, r~e have

M

~~ ~~ 
N(z~,:~i-~) , w .p.1 .

- P

Subsequently,  [q . ( 2 .18) holds here as w e l l .  Applying again  a ‘-larkov ratio

1 i r mm i t  theorem , Eqs. (2. 19) are obtained for comput i ng the average packet

waiting-time W

For the controlled GPA channel , we have
p

= A~ , (3 .16)

p
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W(Z ,: ) = PR + [1- W + 2 F ~~~~ + ... + KT~~~l 2WIZ ) (3.17)-n - m r i - l  n L n i -I  n i-I n + lj  -ri

where

= [ ( i ~~1 ) I ( N ~~
i ) = i ) I L \ L’) = O ) ]  . (3 .18)

lire f i r s t  two terms in (3 .17)  are thd - sammie as those appearing in the SA

channel expression ( 2 . 2 0 b ) . The t h i r d  term , uni que to the GRA procedure

and given by (3 .18) , accounts for the extra w a i t i n g - t i m e  experiencedi by

a successful retransmission within its last period of transmission . \s

for the SA scheme, assuming the controlled channel to serve (eventua1l~’

successfully transmit) all admitted packets , we can also set

N ( Z ,Z +i) = Sn (3.19)

To evaluate the mean of (3.17), we use the multinomnial distribution

(3.5) to determine that E(T~~ ~R~) = K ’ Rn and suhaequentlv

i- 2T~~~ + • . .  + = ~~K+1)R . ( 3 .20)

To compute the steady-state mean of (3.18), we not tha t the limit

-~~~~~ p ~ Urn ~~~~~~~~~~~~~~~~~ , ( 3 . 2 1 )
- n-’-~

i - ;  independent of j ,  1~j�K , and y ields the (steady-state) probability of

a successful retransmission . Similarly , the limit

1
~SA 

lirn 
~~~~~~~~~~~~~~~~~ , (3 . 22)
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is  i ndependent of j , I- j < k , and yields the ( s t e a d y - s t a t e )  p r o b a b i l i t y

of success~~il f i r st  (newly a r r iv ing ) packet t r an sm i s s i o n . Clear ly ,  the

through put s= u r n  E ( S ) s a t i s f i e s
n~~

= 

~SR + Pç~ . (3.23)

Prouitib i l l  ty p5~ 
is g ive n by

= 
n~~~ 

P(A ( J ) =l)E~(l- 
I

= 7 •  P (\ ( J ) = l ) E ~ (l 
1 ~~~~~~~ =0 , ( 3 . 2 4 )

n-~ K n

s ince R~~ 1 diepends on An only through U~ and none of the R n - i

ret ransniissions are allowed to he allocated to the j-th s lo t .  The

p r ob a b i l i t y  of a s ingle  control led  new packet a r r iva l  in a slot is g i ven by

~~~ ~(\ ( m L~) = (l-p ~ ) Ae~~= se~~ , (3 .25 )

wlrere

p1~ 
= l~ -’t p 113 =’) , (3 .26)

is the p r o b a b i l i t y  of packet rejection , and the (steady - s t a t e )  throughput

5 i s  g iven by

— P

• s = K 1 1j rn [(S ) = A (l-p ) . (3 .27)n-,~ 
fl P

Using Eqs .(3.2l)-(3.25) in [q.(3.l8), and incorporating Eq.(3.l9), we

conclude that
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I

— -  t~ 
[A~~ ~ 

1 — A  ~ I 1
~n—1 I

= 
~~~~~~~~~~ 

= ~(K-l)[l-e E~ (l~ ~
) T l n=n I]. (3.28)

where the expecta t ion operation on the RIIS of ( 3 . 2 8 )  is  w i t h  respect to

the condi t iona l s ta t ionary  d i s t r i b u t i o n  of R n - i  g iven ~~~~~~ . Using  Eqs.

(3 . l ~~) , (3 .19) and (3.28) , we obtain by Eq . ( 3 . l 9 )  the formula for con mput in g

the average packet wa i t ing - t ime  W in a GRA channel , in term s of the

stead y-state s t a t i s t i c s  of {R n ,n�l}

Theorem 3. For a controlled CPA chaiinel , represented by an irreducible

pos i t ive-recur ren t  state sequence Z , the limiting average packet w a i t i n g -

t i m e  W is  given by

W =  [P + 
~ 
(l+K)]RA i- AW (3 .ZP a )

wirere

p
RA = = s~~ Urn E(R ) , (3 .29h )

and AW is given by Eq. (3.28).

Regarding the extra packet waitin g-tim e term ~W , we note the
following points. Clearly ,

AW ~ ~(K-l) . (3 .30)

Furthermore , in all practical applications , we will brave i~~~K and ,

subsequently,

A
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1 ) R n - l  0n =0
~ 

1-K 1 
~ . (3.31)

Approxiniat ion (3 . 31) y ields approx i m a t i o n  ~~ to ,l~ , where

= ~ ( K - i )  [l -e  ( 1 - K  ~~ , (3 . 32j

and approximation 
~ 

to (~ , g i ven by

= ft + ~(li-K)]s 
1 

~ + 
~~l ~3 . 33)

• li-i all our performance computations , we have found approximation 
~ 

in (3.33)

to he excellent , generally yielding average wai t ing-t ime results nearly

non-distinguishable from those obtained by computing ~ . We note that ,

for computing W in (3.29), only the stationary distribution of

{(R~~U~),n�l) is involved , while the major term of (3.29) requires only

ti-ne throughput s and the stationary mean i~ of {R~~n�l } . For corn-

• put ing 
~ 

in (3.33), only means s and ~ are required . The latter

mean (or related distribution) is readily obtained , for any control func-

tion , from the transition scheme of Fig. 3.1, using simple numerical compu-

tation techniques or a direct simulation procedure of {(R0,U~),n�1}

-\ control scheme similar to that presented in Section 11 , induced
—— p

by thresholds 
~~~ 

N1(L 1) (see F~q . ( 2 .16) ) and N 2 , is simple to innple-

ment and can also he used here. Note tha t , under this scheme , the control

function is given by

0, if R <L , 13 =0n i  n
1, if P ‘I~ , Ii =0 ,1

~~ 
- 

n l  n
ni-i 

— 

n ’ n 
— 

1 , if R~ >O , IJ~=l

0 , if R~=0 , 1J~=l . (3.34)

P
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As indicated in Section 2 , t h i s  scheme w i l l  also re J r r~- - o- m it  the w a i t i n g -

t i m e  performance of a CPA channel wh ich  stops iim i t t  i ng new packet a r r i v a l s

wh en ti -ne nrmr i)er of group retransmiss  i oils surp t i s - ~e~ E 1 and! ~~S disconnected

is soon as the latter number becomes :ero . Time d !elav - t1 iroui~iiput per lc)nh -

t in ce curves for S,-\ and CPA schemes , under i nput -control  funct  ion (3 . 3.1 )

are shown in Fi g. 3.3. V~e assume K=l , L 1=2K , ~= l 2  and ! choose values K=b

and K=12 . (~e note that , as the i-network t r a f f i c  i n t en s i ty  A is increased ,

tire channel throughput s is increased u n t i l  i t s  corresponding max ima l

value is achieved (note that we attain s e~~ for K=12). The dela~--max -

throug hput performance character is t ics  under an SA or a CPA scheme are

observed to he s i m i l a r .  Note that, under input control func t ion  (3. 3 1 ) ,

tire operation of the channel is term inated a f t e r  a random number of s lo ts

w i t h  the mean function E1N7)<~ rapidly decreasing as

Alte rna t ive l , if  the channe l is restarted each t ime fo l lowing  i t s  blocking

1~~r iod , the packet probabi l i ty  of rej ec t ion  p~ w i l l  he noted to increase

as is increased . A procedure for  optima l contro l of a CPA channe l ,

incorporating both packet average t ime-delay and p r o b a b i l i t y  of i-e j ect ion

as indices of performance, is developed and studied in the next section .

r
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IV. 1~~t ima l l)vnamic Control of a CPA Channel .

~~~ 
(
~~tinu 1 ( c t o l  I ‘rob

Ihe dynamics of the GR.\ channel , governed! liv contro l sequence

~IJ , n - 1 } , i s described in Fi g.  3. 1 and Eqs.  (3 .3) - ( 3 . 5 ) ,  in term s of the

und e r l v  ing s t a t e  sequence : . Assuming \la rkov chain 
~~n 

,~ i~~) ,n -1 } to

ic i m-redlucible positive-recurrent , as is the case for t ill our tipp i i c a t  ions

of interest , the stationary p r o b a b i l i t i e s  of the l a t t e r  c h a i n  have been

noted to determine the major channel indices of performance. Ihe  t iv er tm~-

packet wtrittng -time ~ is the f i r s t  measure of performance of i n t e r e s t .

it  is given by (3 .29)  and is wel l -approx imated  by W
1 

of (3 .33) , thus die-

pending on tie latter Narkov chain only through ~ and throug h p u t  s

The second measure of per fo rmance of interest here is  the p r o b a b i l i t y  of

packet re l ection P~ , given by ( 3 . 2 ~ ) and d i r e c t ly  re la ted to the channe l

throug hput s by Eq. (3.27). Ice w i sh  to  obtain  the con trol sequence

L!H 
~n ’~ 

- 1)  which w i l l  y ie ld  the nininmun value of packet average ~~i i t i n g -

t i~ ie (or dcla\- ) , ~hi le prov ii m g  an appropria te  prescribed v a l u e  of picket

i c  ec t ion-p robah i l  i t  (or channe l throughput s

Note t h a t  rejec t eJ packets  ~ t i u r  he as—mn71e ~l t o  be los t , or to try again

access the channel f o l l o w i n g  t in appropriate random delay . The l i t t e r

then assumed ! to fol l ow an exponent ia l du st r i hu t  ion so tha t the i o i n t  pro-

~~~~
-
~~~~~; of nc~ arr i val s is - t i l l  dt~sdr i h e d  as Poisson wi th i n t e n s i ty  . Since

thi- proba i i i  l i t  y 
~~ 

for mos t ap p l i c a t i o n s  w i l l  i)e very smal l  (see l a t t e r

curves) ,  the precise r e j ec t i on - i -cen t e r  n iech anism is  not important for the

I ) rd - s ( ’n t  aria 1 vs 1 5

Assum i ng caus a l  observations of the controlled channe l state sequence
p

Z are ava i lable to the controller !J ,only Markov sequence {(R ~ ,t J ) ,n-l }

p
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need s to he cau sa l i v observed , sinc e measures ic and I i i-c co ns  ered

The set 0 a d m i s s i b l e  cont ro l func t ions  VI is not constrained and ncLiies

t i l l  d e t e r m i n i s t i c  and random i zed! b ina ry  func t ns op or t i t  m g  Ofl t i l l  pa 5t

oh serv t i t ions of ( 
~~Rn ~U~ ) I . Thus , t i re  cont no I v a r i a b l e  operat i ng ;i t  he

n-t i-n slot Ii is expressed in terms of func t i (in f ( .) , ~~~ m e

Ii = P ,t J ) , where  P = ~R , l - n m - n i  and 11 f l J  , I n i -n
ii n 1 ,n l , n — l  1,n m I , n mum

and U {0 , l }  . Since  onl y f i n i t e  average packet delays tire of i n t e r e s t ,

we riced to consider only the subset of control disc i p l ines U1 
c ‘/1 w h i c h

resul t in ti posi t ive-recurrent  controlled Marko v c h a i n  - P ,n -l } with

f i n i t e  nrean R - , where
I

i N
R = L t f ~t [(P ) = L t i - , N I: V p , (4 1)n-~~ n 

~~~~~ n= 1 n

and a packet probabi l i ty  of rej ection 
~R g iven by

I N
= N F 

~ 
I(U =l) . (1 .2)

n l

The countable number of f eas ib le  control funct ions  u e i~I~ i nd !uce

tire set of value s of attainable reject i on probabilities . Thus ,
p

= {p :p = P
1~

(u) , u € -V11.} , (4 . 3)

p
where P~~( u )  denotes the reject ion p r o b a b i l i t y  r e s u l t i n g  under control

funct ion u . The m i n i m a l  a t ta inable  rejection p r o b a l ) i l i t \ -  is g iven  liv

= i n f {p : p  
~ 

(-1 . 1)

p

4
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For l~ -I~ , we set

= . : ~~f p :p  
~~~~ 

p~ l~~} , (1 .5)

is the r ej e c t  ion prohabi lit ~- c i osest I from he lowJ t o  P~ . (i yen m v  value

of n -e j ec t ion  p r o b a b i l i t y  P~~, P~~>P~ , we wish to obtain the ninima l it tr im-

ahie Ive I -tipe pticket wa i t  t n g - t i m e  (~ (P r ) , p i ven as

= ~n[ {(
~(u) : P 1~(u) p (P~ ) } , (1 .6)

p 
where W u )  dienotes the ave m-age packet w a i t i n g -t i me  obtained when control

function u i s  used . Ai r opt imal cont ro l  funct ion a t t a i n i n g  m — a i t i n g - t i n u e

and y i e l d i n g  re j ection p r o b ab i l i t y  P~ i s denotedi by u *(P ~ )

To generate the opt una l delay-throughput curve of ( 4 . 6 ) , as

v a r i e s  Pet ween P~ and 1 , we can in turn derive function - , is

i n  ics in [0 ,~~) , where
p

p = 
~~~~

- - {(c n~) + 6P1~(u) 
} . 

4 
-,( .

-\ l ternat ivelv , s m ci- W is well -approxim uvited by ot (3.33) or , as

the contrihut ion of ttW in (3 .29)  to W i s  ~erre r. i I ic small , we can de-

r ive  funct ion  ~~( v )  , g iven as

~~II6) = s f~ (u) I~P~ (u)} , (4 .8)
U€

whe re 6 ‘0 , and R (u) dienotes the l i m i t i n g  average number of ret  r t m n i r — 1 r i s s i o n s

P
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4 . 1) under cour t ro~ luau. t inn u . Ci yen V. , let  i i * did - f l u t e  a c o n t r o l

funct ion attaining the m i n inm imr  at (4 .~~~~) . he hr~ve thus  obtained ~ls- f o l l o w -

inp result.

T h o~~i t ~~~ i i  2 .  Ion ;u CRA channe l , cwvc : m~
(t
~
) of Fq .  ( I . t~) ,

- _ _
,* ) - . . )0 -induces  tire de l t i y  —through put curve (~ II ~) of lrq . (1 . i ) , 1 -I R 1 bus

fu r  e t i ch f :44

Ic( u~ ) W*( P * ( v ) )  , (1 .9)

uche re

= 

~R 
u *) , ( 1  - 10)

so that

u*(P * ( V ) )  = , ( 4 .11)

0 
and! 1 ~

1)
R * ( F )  > P~ .

P r o o f .  Eon V ‘I) , curve  ~ ( 6) of hq . (4 .7) mnduci -s cuu m -v i- ~ * (P~ ) i (

1~~. ( - 1 .0 )  , since by (-1 . 7 )  con t ro l  func t ion  at  t m  n i - ~ t i-ne mmm i n i mna 1 r l v el - t i pe

w t u t l i I p - t r n i e  vti lu i c h(u) , cons i leri iig - ill control fumc tiouis ti yi eld i ui p

P~ (u )  P~(u6
* I . l~y E q. ( 3 . 33) fom - W , we note tha t (~ dependis on

ami d ( through s , see Eq. (3.27) ) . Therefore , for t in ~ p i ~‘on ,

i -
~~ iii m im i zed i i  and (lul l \- i f the corresponding R is i m m i n i mi  :edl . Hence ,

c l m r vi- j~~ ( ~) y i e l d s  d im -y e :~ ((~) and subsequent 1 v cu rve  h* (P 1~) . - iu ie

r e a d i l y  v e r i f i e s , as w i l l  he sirown be l ow , tha t v ; l r v i n g  - oven-

~u r m t  tIre r ;Inmpi - { P1k : P)~ -P~ } . ~~ . U. V.
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Proposit 1 ) 11 2 indicat e-: that a solin t ion to mi t m i - m i :i t ion pi-oblem (-l .~~)

w i l l  y i e l d i  t h e  opt inu l delay -re l ection p u i l i a h i  l i t y  c u r ve  V~~(l~ ) )  . \s -
-

inc r eases , a ~~1 i m t  ion t o  (3 .~~ w i l l  re( 1 d-sent a schem e w i t h  a r m u r m - i n c n - m s i n ~

r e i c~ t ion pua siH Ii t ~~ (V) and ! ti non -dec reas in g  m v e r u p e  wa i t rig - t ime

(r utct ion ~~ (H (\ m  * 
. Himi sequeuit I ~, t~c o h t t i  in  the ie~ i red cuive

h* ( P u ) , and t he p t  ima 1 scheme u~ I )  = u~~ for  -a mri - - 
~ ~I? ~~ ~

t i s o  the i-ole of V in (3.8) as a penalt y cost for pri cE-ct re i u -c t ion s .

empt ima l  control prob lem (-1 . fl) has thus been represented in  the fot7m of

a ~t i rkov 1 1cc is  i n n  problem ( 4 . 8) , descr ibed as Follows . fte St d h r l s t  1C ~) 1 )

cess {R ,i-n -U , w i t h  s ta te-space  ,~~~= •~~~ = (0,1 ,:,...) is  c o n t r o l l e d  ~ y the

h m n t i r v  cont rol sequenc e {IJ ,n>l  } , U ~ A = ~0 , l }  . \t tire n , corres-

p om w l ing  to t i -ne end of the n—th  group , s t a te  i s  observed r ind

act  m m m i  ( cont ro l )  11 = f (R  ,U ) , i.s taken . ~-r i K se qu e n t l v  , a co-~n l ,n l ,n—i -

C ( R~ ,U )  i s incurred , and the i-next s ta te  of ti -ne process i s  chosen accord i ng

to t r ans i t i on  p robab i l i ti e s  {P ~~~(U~ J }  . Thus , t he  c o n t r o l le d  pi cc :s

1)  t ransi t ion p r o b a h i l i t \ -  t unc t i on  s a t i s f i e - ,

NP =j i~ ,u , P = i ,U =a } = P .  - ( a )  , (4.12 )n +I l ,n l ,n n n ii

t i  A = {0 , 1 } . Under an expected average cost c i i  ter ion (see , for

d- .uim r i le , [1 ( 1 1 - 112]) , an admissible  cont 1- 1) 1 fi inc t ion m m  i s  chosen to

m i n i m i z e  )~~ long — run expec t ed tuv errig e ( s t  per unit t inc . I or cont rd

p0! 1ev U , time assnc irite d cost f unction is  t hen g i v e n  by

= . r n ~~ a: N P 

~~~ 
C ( P , U ) p ~1 = i}  (~~

. l3) p
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i i
- 

i € .
~~~ , where  I~ indicat es t h t  tIme con ) it io ir a l cx~i:i c t a t  i on  i i v u n  u

is tn- -e~I . A c or i t  Nil I unc t ion  mi ~ is  -tiid to he riv er o n  du St  ept r i !  i i

= 

~~~~ ~m i 1 i ) , all 4.1 1)

Inc rport it ing Pqs . (-1 . 1)— (- 1 .2) in (-1 .8)  , we oht m in

: i ( p )  = N 1 p~~~ ’. 
Ely 6 U 1

s ince  l ( l J
~~ l )  = U~~ n U  . Compar ing (4 .15) w i t h  (1 . 1 3 ) - H . l l ) ,  ~—e conc l ude

t r e  fo l l ow i ng r e s u l t .

I i  ~~~~~ . : i t  on 3. The optima l control pol icy  u~~ y i e l d i n g  ~) (6 )  for :r

channe l , for any B�0 , is an avcr;lpe cost opt ima l contro l p o l i c y  for tim e

-1a r I ~ov decision process ( ( R n ,Un ) , n ! 1} , under the long - i-mm expec t ed average

c o — t  per uni t t ime  measure (4 . 13) , ~-. i t h  an associated cost func t ion  C(R ,U )
n

g iven b y

C ( R  , I J ) = V + V II . I (i .lo)n n  n n

Resul ts  fro irm ‘-t - i r~ov decision t heory are incorporated in t h e  C-I lowi rug

ana l ys i s  to oPt a in tire s t ructure  of op t imal  pol icy ~~~ , kinder co st  measure

( 1 .13) and cost functirn i (-1 . 16) . N ot e fronu (4 . 1(u ) that fol low i ng t hie n — t b

~~ r I (xl B~ , when R~ I S olnse rv ~si and p01 i cv € { I) , I I u s chosen , the

associated . u t  function i s  g i v e n  by t he i r  l i n e a r  cor mm h ina t ion W( ’ ig i m t e ( i  

byH
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~, n ’~~n
1 = R + - I I  .

\ p r i n t  icu alai-Ic important suhc l rm -s of con t ro l t i s c i ; 1  ines i s  t ime

c l u r - e  -/1 C ‘/1 ( i t  — t r l t i ( i f l a rV doui t  m u !  p o l i ci e s . A control function u is

Sri  (I t be s tat  ai t i  rv it it 1 s nonr an( lomn i zed and i t is  Iesc r i bed by a

rt lp p  i f l~~, f (  . ) : / A , so that U =1(P ) . Thurs , under a s t a t  i ona r~- control

fun c t ion , the cont m l  U at t inie n depends only on the present observa -

t i o n  . suc h a cont ro l  procedure is c l e a r ly  e a s i ly  impl e rmt en t ab i e .  hi-

rote that , under a s ta t ionary  contro l fun ct i on  f ( . )  , the con t ro l l ed  pro-

cese  {R ,n~- 1 I  becomes a Markov cha in  w i t h  ti -ne t r a n s i t i o n  p r o b a b i l i t y  func-

t ion s {P . . (f(. ) ) }  . 

/
/ 

-

I t  w i l l  he usefu l in the/ol lowing  a n a l y s i s  to consider  the  t i ) i oVi ’

t n t  u -ru contro l problem foy~~~( R ~~, t1~~) ,n~ l }  , also under an e~~ ected t o t a l

d i  c iuiited cost nueasur-e’~ The l a t t e r  is g iven , for a control  po l icy  u , P

i j ~~~~ L~ 
~ 

a
fl p (P ,I 1 )  

~R1
i , ( 1 . 17 )

fur i~
-{) and a discount factor a , E (0 , 1) . We let

= 
mi€ ’// ~ u i ~~~ 

, , (4.18)

denote the minima l expected discounted cost funct ion . A control policy

u~ is s t u i i l  t o  he r~- opt ima 1 if

V~~
(i) “ (i) for all i�0 . (4 .19)

p

p
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lime y1~tima i Luntrul Poiicv

We w ish to  ( l e T - ly e  and c har a c t e r i z e  the optima l c u t  m l  polic y u~

t o n  he ~-~ i rI ov dec i s  ion 1 n n c d s s  ( ( R  , tJ ,n - 1 1 , under si measure (-1 . 1 5)

u ( - 1 . 1 3 ) ,  ( 4 . i t ) )  . he note tim t i t the c u n i - e s p o n ( l i n c ~ cost v t u I u n - ~ I i - n n w -  t i n —

- em urded Icr cent i- u) u ~ /1
) 

- At t ) w -  same t i m e , the s impl e  c nt  rol func —

t ion u~ -/i~ which u - ejects a l l  arri vals cl e rir - Iv yiel ds P1~
(u

1 
j= 1

r i  ) = ( )  r i n d  subsequently

:~~*( 
i) = :.1~( r )  -

- :~ 
(i) 6 . ( 4 . 2 0 )

0

flreri- to m e , the search for an optinmia 1 cont rol p o l i c y  can be reduced ! to  sub-

class  i/~ . The st l u n - comic lusion w i l l  he observed to hold under cost incas-

p i r e  \‘ (i) , when i s  taken to he close enoug b to 1.

We w i l l  f i r s t  establish that an opt ima l po l i cy  u~ in fact exists ,

and ! tha t i t  is furthermore a stat  m i n i-v p o l i c y . The s t ruc tu re  of the opt i  -

mal policy w i l l  then be characterized. For tha t pu rpose , we f i r s t  consider

the (-discounted! cost problem (4 . 1 8 ) ,  and! subsequent ly  studs’ the character-

j - :tj cs  of the L-o p t un a l  pol icies . The pol icy obtained as a l i m i t  of t i -ne

~- l t i m a l policies is then shown to y i e l d  the des i red opt ima l contro l func-
*

t ion u 
-

I t  is  w e l l  known thiat a s ta t ionary  i-optima l pH icy  u ( ~~) for

• ( 1 . 18)  exi s ts whenever cost func t ion  C ( . )  is  bounded) (sec 1 1 0 1 ) .  However ,

r o ut problem Rn and there fore ( ( .  ) , are unhotinded . I t  has however

been shown in f l 2 j  that an optima l s tat ionary d l e t e r m n in i s t i c  p o l i c y  for the

i discounted cost prob l em ex i s t s  i f  the following conditions are met . .~hc

edistence is requ i red o an integer in�l , a rea l-va lued  func t ion  g ( .)  on

p

____________ - -~~ ~~
—.— 
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./ w i t h  g ( x l  ~l for till x € .~ r ind a real nmniih er h �0 such tha t

= 
~:~~~ 1 -~~~ 

( ( x  , a )  g ( x )  m } < ‘  , 14 . 2 1 a )

and t o m  all x , n 1  , 2 ,. . . ,m

- -  r~ ~ g (y)’1P~\ ) a )  - [g(x)+h]~ . (4 .2 1h)
tI~~~~ \ V E ~~~~~~ 

- -

he now v e r i t y  tha t condit ions ( 4 . 2 1 )  hold for  our problem and suhsequently

deduce the following result.

Lema 1. For a controlled GRA cha nne l , an optima l s ta t ionary (dietermin-

i s t i c )  control  pol icy U
6

(a) exists for the a-discoun t ed cost problem

(- 1.18) , :i c (0 , 1) . The minima l discounted cost \ ( i )  is the uni que

so lu t ion  to

\ ( )  = rm in{C(i ,a) + ~~Y V ( j)P.~ (a)}a€A j�O

= ntn ~ i + Ba + 
~~ V (j ) P .  - (a ) )  , (4 .22 )

a~A j�0

the functiora l equation of dynamic programming . Furthermore , u
6
* ii is

the policy which selects an action m i n i m i z i n g  the ri ght Sid l e  of (- 1 . 2 2 )  for

each i ,i -0

Proof. The results fol low by [ 1 2 ] ,  once conditions (- 1 .21)  are v e r i f i e d .

For that  purpose , we choose g ( i ) =m w~(i , l )  , i 20 , and m=l . Then we

p

-— -~~~~~~~~ -—-.—_
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ob ta in

L = r c  J ”~ x [ i +  irajg(i ) ’} = 0 4 :  [1 + B i  = l~ H - -
i -0 - I .  A i >l

verify i ng (4.2 1a ). For Fq. (4.21b3 , m-rc ob tain

~ g ( j ) P 1 - ( a ) ]  = ~ g ( i ) P ~ . (0)
a~~\ j~~() j�0

= 
~ 

j (O) + P.0(0) 
- - i + K~ + I < g ( i )  + K -  + 1 ,

j - -0 -

t om i�0 , us ing upper-bound (3.14).

~~ t - V .

It follows from Leminna 1 (see [12 1)  that the op t ima l discounted! c () -~t

can he computed by the Policy r mprovement -\ l g o r i t h m  presented in

Corollary 1. (See also [13} for discussions concerning policy computations

u sing a p o l i c y  improvement a lgor i thm. )

~ l a y 1 .  For a GRA. channe l , the e-discounted minimum cost func t ion

V ( i ) , i -I) , is given by

= u r n  V1ji ,n) , ( 4 . 2 3 )
n-~

where Vj i ,0 ) 0  for . each 1 , i -0 , and ~(~(i ,n l )  , n -(1 , is computed

by the recursive relationship

- - -~~~ - - - - -
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V (I ,n +l) = ~ n ~i + - t i  + t \ ( i  ,n ) P  - (a) I . ( 1 . 24~a- (o , i } -0

(‘.e can new proceed to stud y the ace mt ige cost prob l em , us i ng the resu l t -;

in Lemma 1 and Corol I arv 1

Theorem 4 .  I-o r a GRA channel , a s t a t ionary  ( d e t e r m i n i s t i c )  optima l control

p o l i c y  e e x i s t s , v ie l d l i ng a minim um cost 
~~*

( i) = •t
1
J V )  = 

~~~*
(0)  in-

dl ei)Cndeflt of I , i ~-0 , sri t is  f~- i ng

= 
~ ~(i) 

= ~~~ ( l -~ )V (i) = l im (l- ~~)V (0) . (4 .25 (

Proof. Incorporating Leno-na 1 and Corollary 1 , the proof proceeds following

a s i m i l a r  proced ure to that used in [14] .  Considering t i-ne ( -disc ounted

dust problem , we r e a d i l y  ve r i fy  (not ing tha t u 6~ y i e l d s  a pos i t ive - recur -

rent cont rolled chain) tha t

~~~m ( I  - - ~)V ( I )  = 7 m ~r~ (l-i)\ (0) . ( - 1.20 )
- t

}turthe~~~re, using Eq.(4.24), we w i l l  observe that there e x i s t s  a s t a t i o n -

ru r y policy m u and! an increasing sequence )~~~~} w i t h  such tha t

— p
= 7~ n? ( l - u ) \  ( i )  , ( 4 .2 ~ )

n-+~ n

for a l l  i , i ~0 . By an Abeliari theorem (see [1-l i ,11S)) and condi t ions

(4 . 21) for i -0 and u • W , we obtain tha t

~ ( i )  Urn (1-t)V (1) . (-1 .28)
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There fore , u s ing re lat i ons  (- 1  . 20 )  - ( -2 .28)  and sequence 
~ 

used in

-1 . 2 ) , we c tmnc 1 tide that for  any u • -/1 , i -0 , t~ - i ia ye

( i )  - ~- - - (i ) = ~10) , (1 .2))
i i  u i i

and there fore

= 

~u *(i ) t~ (0) , ( 1 .30 )

~UI d I

u ,~ 
= . (4 .31)

~1ore exp l i c i t l y ,  we w i l l  note (see Lemma 2) by i t e r a t i n g  1 q.  ( - 1 . 2 4 )

tum id observing the resulting policies that , for a large enough value of

t , ~~~
- , , the stationary optima l control function u 1~* (i) 

= ~n is such

that u ( i ) = l  for  any i:- ~ , for some f i n i t e  in teger  ~1 . Therefore ,

we can choose a sequence (an
) w i th  a t- l y i e l d i n g  a s t a t ionary  control

p~~1~~cv u *( )~ u , each n , where ii is the scheme derived from ~i- - 1~ n - t

as ~ I . Sub sequently, using (4 .28 ) , we obtain for tn -/1 , j O

~ ( 1)  ~~~(1 
i~~~)\’~~(j  ‘~ n 1 = 0~~( i )  , (- 1 .32)

w i t h  the equa l i ty  in (4 .32)  followed by an Ahel ian theorem ( [15 ])  s ta t ing

that

N N
l i rn ( l f t )  u r n  ~ ( X C ~ = 1 -irn N 1 

~ C~
a-*l N-,u nti N-~ n=1

Therefore, - . Q.E.V.

It 
________ 

______________________________ —
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Theorem -1 shows tha t  an optima l cont rol  p01 i dw  i i  * exists , and! can

he chosen to be a s ta t  ionarv contro l f unct ion  , (lenoted 1w in , ( i ) , i -~0

I - u i r t he rmnor c , tite opt ima l contr-o l sc heme can he obt - u i n-i 1w so l v i n g  f o r

the - -discounted opt imal scheme , m i s  i ng recurrence re 1- u t  i onsh i r (-~ . 2 4)

and then l e t t i n g  I . We will use t lu i  s procedure to estahi ish t ime

~- t r uc t u r e  of ti-ne op t ima l scheme . I t s  performance fu nnc t ion is then com-

puted u s i n g  the r e s u l t s  presented in section il l.

We m~i l 1  not present here the ted i ous al gebraic de t a i l s  related! to

perfo rm ing i t e r a t ion  procedu re (4 . 24 ) ,  hut will indicate the relevant asso-

ciated results. To illustrate and explain the i t e r a t i o n  resu l t s , we assmn’ie

first that R~(a). a=O ,l , g i ven 1w liqs.(3.13) can be approximated 1w a

straig ht line given as

R. (a) ci + dl
i 

+ d2 (1-a) , (4 . 33)

where a 0 , 1 , i ~() , and c>0 , d~~0 and d 1 are appropr ia te  constants .

l~- note by Eqs.(3.13) and Fig . 3.2 that , for i -K , Fq.(4.33) yields an

excellent approx imation to RJa) . The slope function

= l . 1 (a) - i~ja) is also noted to increase monotonica llv , as i

increases for a=0,1 , to a value larger than I andi , only at i-c ry high

value s of i , 1 (a) decreases mnonotonically t o  its asymptotic value of

I , ~~~~~~~ i*.(a) = 1 . Therefore, slope c in approximation (-1 .33)

actually varies with i , as indicated above . ~\pplying Eq. (4.33) to corn-

pute V ( i ,n) following recurrence relationshi p (4.24), we note tha t

V (i ,n) is obtained to depend linearly on i . Suhsequent ly , relation

(4.33) can he reapplied in (4.24) to obtain V(i ,n+1) fr~ m

(V
~
(j,n). j -0 )  . We then obtain \

~
(i ,n) to be given by, for ic< 1
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\‘ ( i , u m )  = - \ ( u , ’ , n l  + “-~‘~e t u l B - f l (  & , c , m l ) ]  11. -I; )
t u .

I ( - t c )  -1 )1 .n) = td - -: ( 2 . 1 ) - )
L t d

coins ider now the  set 01 - - -~~ru td -s  (i :1 2K; . We !mrn\-e no t ed ab ove t 1 r m t

(a) -l for i -K , ; n = f l , I . Furthermore , we have

(a) = 0 , for j - i K , i --K , t u = ( l  , 1 , ( 1  . 3S

since , r u t  :mo~~t , K — I success fu l t r ansmis s ions  can occur when more tha n K

t r u m n s u i s s i o n s  are attempted ! . Therefore , in ca rry ing i t e r a t i o n  ( 4 . 2 4 )  under

assumpt i on (4 .33) , we can incorporate the observat ion tha t

~ R ( a ) P .  - ( a )  = ~ R.  ( a ) P .  - (a) , (4. 3o)
p j ~0 

-~ -~ j ~i-K+ 1 ~ -~

when i - -2K . Consequently, in evaluat ing V~ (i ,n) F (-1 .24) for i -2K

o r n l y  funct ions {R~ (a) , j -K}  are involved . Since the l a t t e r  fun ct ions

have a slope larger than one , we conc lude that DL ,c)  = - P f i ,c ,n)

becomes ;u m h i  t r a r i  ly large for t close enough to I ; and subsequently

[ ( ~- I ) ( a ,c ) ]  is noted to become negat ive , r e su l t iu ig  in an opt ima l control

function s a t i s f y i ng ti -ne fo l lowing  p roperty.

~~~~~~ 
J :or a GRA channe l , for t i n  B - f l  , there exists an in tege r

suc h that  the - -discounted optima l stat i onary control  , for an~-
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~t , l~~ 
-

~~~~
, , for some i~, , denoted 1w mu ~ ( t , i )  , s ;u t i s f i c s

u i .  I , i) = I , for i ~-1 , ~d -  . (4. 37a)

The s ta t  ionarv opt ima I control po 1 ic> ui , I i  ) s im i la ml y sat is f i e s

u~~( i ) = 1 , for i -~‘1 . ( 2 . 3Th)

Furthermore , ~1- 2K

b r  O - i - 2 K  , the appropriate corresponding slope c increases mono-
p

t o n i c a l ly  from a small  value , so that  I)(t ,c ,n) is replaced by a f u n c t i o n

P (t ,i ,n) which is increasing monoton ically in i . Thus , l e t t i n g  n --

i teratiOn (4 .23) is observed to yield function () diescrihed as

V (i) = \u i , ~) + rn~~n a[ B— D( a ,i ) ]  . ( 1 . 38)
a A

p
V - a c t  ion 1) 1 t- , I) is inc reasing monotonically in i , for i -~~~~ , t~l i - re ‘-1

- - u i - n appropriate finite integer . For I ~f l  , in>- 1’ () , we have

p
lb , i ) — , f o r  , i -M , ( 1  . ~~

l o u  some close enough to 1 so that
p

!) (~~, i ) - ‘ if and only if i - - M . (-2 .

I’ropertu-s (4.39)-(4.40) are incorporated in Lemma 2. Using ~xr~~-ssi ons 

— —.- ----
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( 4  . 3~ ) M . 1 ) , we can thus deduc e the ci marac t er of t he  opt inua 1 con t  mo

pu I i  cv a -a m iit ~ r I :ed in Theorem S

i l n e e m - e r S. I o m - V —0 the opt i una l cent  rol f unctio n i i ~~~ : u t t ; u i n i u m g

is cha rtu ct e m  m zed t i ;  ri sing le- threshold cent  rol  fuinc t ion u~~ Ii I

g i \ n by

I , i f  i

U * ( i )  = u (i  —K 1 
( - i ) = i- -i - U

0 , if i - -K
11~ ) ,

winere u (S) is the unit - slog func t ion . Threshold K 1(f 1 s a t i s f i e s

1) < K
1
(~) < ~- 1 , for B0

P K ( - 1  = M , for B -
~ ~‘ (4. 2~1

= 0 , for B — B
0

i % I I e u c

= ~ 1) (m , M - l )  , (4 .43a)

g
o = K~~[ 1 - e q ( - A ) ~ , (-1 . 43h)

and ~- 1 - 2K is the integer  appearing in Lemma 2.

I roo l . i r ( i .  (4 .21) follows , by (1 .38), the monotonic u tv of l) ( a , i)  for

M and relation (4. 3~)) or (4.1 t I , for i -M . Fhese r e l at  ionsh i ps tu iso

y i e l d  ( 4 . 4 2 )  for  1~sI~() . To prove that K
1 (B ) = ( )  for  i -  - , so t 

ha t I



m i ~~ 1 1 = 1  , t r uc } n i • we mi t t  t ha t i t  c~ (a) denolt _ -s iL average cost in

t ine  n - t Ii I - 1-i od wIt -n i i  a • we c h - a r  I v ha is-in -

c (0)  - c (I) - V - V ’ - O
in - n 1)

~ j uice cxgm-essea the  tuve ir u go nujnbt i of coil is Loris , d u r i n c  a period ,

- ( m i t - t o  new rum - rivals. Themd -foro , we at t tin ~~~~~ I v 1= 3 b> r e j e c t  ing  r u 11

tr : u n s m i s s i o n s , r i nd K
1
(3)=0 .

I heorem 5 cbua rac t e r i  :es the s t r u t  ionary ont imna 1 control  p01 ic -  rn ~~ ( i

as a simple s ing l e — t h i - t - s i o l d  scheme , b -or 3- - the optima l s c i i d > L e

rc- Iects a l l  a r r iva ls  , v m e l d i n g  a packet re~ c s t  i ofl ti~
-ol t ibi I i  t i  d - ) 111t 1 I to

out - , 
~R=1 , and thus an average waiting - ti me ~~ V . i s  i ncreased ,

thc- th reshold  K 1 (B) of the tussoc ituted opt im-m: ~ I sin : Ie threshold ! l i e rr i e

is  in c r eri sed ! , to r- i eld tu lower  FR va l ue and t i-ne c u l L -spond i rug mini on 1

R cnu lu e , and subs eqm u er n t lv minima l tivemn u ge pad ot i % r u i t i n g  -t tune IV v a l u e .

I owe ccc , I or a ni i- r u I tic of 1~ not sri-u l i e n  ti -nan V , B , the“ c m

5:111K- ogt nra I sing le - - th r e shold !  scheme , w i t h  t i  m -e-ino Id K1 
(
~F) =M , is -h i a m e d

iho b a t t e r  -
~~~ F iemi ’ y i e l d s  tu packet  re j ec t ion  p i -oh in i lit ’ : P _

~~~ 
0 which  i s

- R R
c le arly equa l to the m i n i m a l a t t a i n a b l e  va lue . ( k i n g  Proposition 2,

t i n e  pt  ma I cont  is i scheme ( i r i s  thus been shown to  he goi-e m ined by the lol —

low m m m g  c i n a r t u c t  1 1  1st ics

L u m u l  l n u u - y  2 .  I :or ;n (~~ :\ channe l , t ine r e  t-x u s t s  tu s t a t  iona r > -  opt imal con-

t rob scheme iI~( i ) which y i e l d s  t u e  m i m i  i r a  I R and vt u line s , undet- a
p 0

b ir ~- scribed ptc ket re j ect ion— pro h ah  i i  v P~~p , where 
~~~ 

-P~ - ~m c - h a



:u~- --- iumies a s in g le t ) iue ~ iiold ~t r u c t m i r e , g i v e n ~y

I , if j :- K(p )

u l i  1- ( - 2 . 1 1 )
I I , if i < K(p I

~l m t -  } n o l - ~ m p )  increases -1 t i t i m o - a l  i v  I i o t t k (l) 1) t o

- 0 - - - - mlis i s  d e c m - i s t - - (  I ron 1 t -  I~ . I - ’ m - m e c t i o m i  ) r H — ui ) illt -

nu t  t i  m c d  h> the  s in g le I ms-s lm ol d  sch~i ’t w i  th threshold ~ , i s thc- - - m i m i  u n t o

a t t a i ; : u t - h  suc h p r o h n u h t l  itv for opt  i rmi :tut ion prob l em (1 .~~~~~
) . I

It is m t  ‘4 mu g t -  obseri c tha t , is the tImm - i - ~ hnld K of sintlo -

thm - esIiol - I scheme (-1 . 2 1 )  i s  irme l- on s e cl I ron 0 to \1 , t ; - m J o t  re j e c t ion

-c I n i h  i i i  tv and average wait ing —t inc t ir e  increased and dect ~ - :ised , i espt-c  -

iv el> . I bowei-er , a f u r t h e r  incr etise of the t I m ~ m - - d io I d  n ih o ve  ~-1 in such a

sc im e mni t -  on 1: i t ic u e n i s e s  l~~ w h i l e  a l so  increas i ng Ii , and is t ( m t -i -e f or e

l v )  I ( t d l  - Fbi s 1mhemnoun t-noun is ex p l a i n e d  1w not in c  tha t fo m such a sc h t -mnw -

wi th a threshold hig her than M , t ime  t ime g nu m e d  t~~ ims :-hold u p c r t s s i n g

is  m a r t -  than oft st- i b> the  ext ra  t i r e  r equi red! I - i  t i u r e s h o l d  dtmiicross i uig

s ince nu l n u r ~ t -r  mm u nuh er  of  su ccess fu l  t u n u m i s n i s s i o n s  i s  reqiiir e~l now .

Per i on r m ;umn c e  ke~ i n i t t

l ime per fo r mance  curie h~ t i )  the opt imr u I s ngle - t lits -sh o ld! scheme

can now bt- c l t r q ) u l t  c d  u i s u m m c  Ix ~s . ( 3. 2~
) ) or (3 . 33) , w i t h  o i n t r o l  f tmc t ion ( 2 .24)

incoq - nou t i t t-d in F i g. 3 . 1  t o  y i e l d  t i me  m m e c e s s n u 1 ~ ’ s i - u i  i s t  ics of {R ~~} (be i ng

j im - - I  s and f~ i I (3. 33) is used ) . The lat icr bruce been compi it CLI It > - r u

- - 1 r a ig ht t o u w a u t i  s i mnu J~u t  jon of \ It - -kov chain I k ,n - l  1 mnnd er cont 1 lIinc -
p

t ion (-1 .4-1). ihe  i s - - a u l t  m i u g  per t  o rmti:unce c r i i -ves i r s -  shown tim b ugs. 1 .1 2 .2

p



- 1 ¶1 -

i o u  K=l 2 tumid in I gs . -1 .3 1 . I f o r  K=tl - Jr - n hot I i  cri - -s , st set F= 12.

\ ci- r u c t - t t uc k i - t d c l n i v  I i ) )  v s .  n i cke l  p i o b n u h i  I i  t v  o f  r -j- - ; I i nn  ( P
1k )

c m i i  i_ i-s n i t  shown in I- i gs - -2 . 1 , -1 . 3. I or a fi A ]  cnn b r ie of , =0~ 2 , 0 . 3,11 , -2

i.e no t e  the c an - t a t  n - - tm cii I) v s .  I (~ a: t i m e  t h u e  bol l F
1 

o~ a si n c i e —

H - m - s lnol t l  si -heme is i m n c reni secl  fronu 
~~~~~~ 

t o  K
1

=3 1i . He CII :i rn uct ; -rist mcs

ot thi- ap t i m m n i l  sch emes as stated i i i  Theorem I au - i- well - Ie m u m - i  t ied in

I meSC f i  : : m m r e s  . N o t e  tha t the nmini m a I p robahi 1 i ti  of e ect i cmi f u  the hl\

chr uni-ue 1 with K =1 2 is  equa l to  t i i-eu—>- suna 11 nmun her ( mi - - u s in r e d  ( 1)  for

- 0 .1 ,0. 2 , rind is b~~~~0. 0 f l 2  f o r  ~- =11 ,3 tin;) I~~~= (i . l i - i  I or - I

i-o r f=V P~~=fl . ( 1 1) 2 for  ~~ ( )  .3 , ~~~=0. 1 for ~ ( ) . 2 , m u d  i~~ is very

sw i l l  t o m - ~- - 0.~ - (Note t i m n i t  , ru~ t h e  Markov ci i i iii s i m t u u l t u t  ion i s  n u m i  for a

l a r g c -  hint finit e nrunhe r ot s l o t s , no thrt-- ;hol l c r o s s i n g s  w o m i b d occur  t o i -

1om~ ~ V t  l i l t - s  and h ig h K 1 ‘ nil i ie ~- , I h i m - :  : i i c o i u i t  i I m p  for t i -  t or i ; :  o f  t a  -

- i u r v e s  sl -no m%n f i r  lo~ 
- i t t  liii-- ; .) 1 or K~ 12 - c tnt  i i i  m a  I b~~ Va l tie s

a I c  n u t  t a m ed at t ( m m  i -  m o l d s  K1 I 0 and K 1 =12 for 1 0 3  ~~~ 1 = 11 2 , t C -

spec t i e i -  v . I-o r k~ 9 , t h e  m r e s h o  I ds i t  t n  m i i i  n~: I ~~ ar e  5 18 rind

K 1~~i) for A =0 .3 r u n ! =fl , I , r c s]n - c t i i ’ e lv.  I t  can ~~ t - tm ted ti a t rn

s e l m n -nie m~m t I n  a I i  - - - - i d  
~
‘l ~ v i o l ]  iii  i -xci - l le n t 1) i-s. P

1 
pen ion’mn unce

ou r time L% l m o l e  r :un g of  u n e t i \ o r k  i r a l f m c  i n t i n - - i t  H - s  I i t i c l u u d i n g  c c i m e m n n l  lv

t i n y  ~ , ()~ ~ 
- ( ( . 2 )  v H - l d i u u i ’  :1 1 - m e d  ion 1 ir - nht ih i  l i t >  not h i gh e r  t h n u n  It R~ O .1

(Si - f u r t i w - r n o t e  th a t a I h r  i - - h o  hi i- n i ]  Ii K
1 ~ 

vie Iil i nn ~ ni n m in i m a  1 pr ohr u h i  1—

i t >  of r t - j  i t t  ion would n t  c iu s i -  an lu - cr a ft- tic I- i - i  d e l ay  much hi gher than

:1 th re—}io l - J va l ue r i d ding a ur u t~~h i i i c i i o i  1 R v a l u e . ll u emt -)ore , it is

peiner a i i  y pm e I er t ul It- to russ ign a t i l r -e shn ld !  va In c at  K 1
M to the Gb~-\

chtin uuei t o u t  i o i  hr. ni exau uipl e , for K=i 2 , \=0 .3 , for  t h r e s h c i l d l  v a l u e s
p

F- ~~3 , f t  , 12 , we ohi t i l Ii I~ cru bin-s of ~~
1
~= { )  . 1 ( 2 , 102 , 0.01 t u mi d  deini v (1))

p



so -

vnul ut- s of J)=22 ,25 , P) (slot ~) , r - e sp i - ct  i c e l y .

The issoc m uted ;!elmiy (I)) u s . th rotm : 3 mp uii ctir v t - s i r e  - 1 1 0 5 m m  jr-n Figs .

-1 .2 , 4. 1 . N o t e  u n i t , for K=12 , the m t mnux ima l t i m m m i m m h p m i i  c a i n e  of - s i 
I

is n i t  t i i  mi - - I  n i t  ~ = (1 , ~ 1w mu scimomi’ sm th I imu s s! t11  K
1 

= (  , ~ i eldiu ng I I i  - ct

f o r e  ( r u t  t h i s  t o ut fic value ) ni reject ion p r nb t nailm tv i- ;il ue of

P 1~~l - ( - i - )  -l 0. S4 . it or K =~(, s e ’ is n u t l n i  m e d  n i t  ~= 0 .h  by a scheme

with K1 = , yleid l i ng 
~R

=’ - ( s i - )  0.30 . It is i m mi  ;-J that ovet t h e

( t . m c t i c t i l )  t : m i s i 1 ~ ) m ~~it range )) ~ s- 0 . 3 , the n u c t - r a g e  p a ck e t  d e l ay  v r i r i i - s

s los I > - , and m w - m r lv I inear lv  , from D=l 3 (=R-’- l ) mi t s=i1 o l)=2 1i - i t

2 , t cml is 2 S at s=0 . 3 , n ut both K=1 2 and K 0  Cft-\ schemes

and m n >  threshold i n  l i ne  K
1 

, wit I n 3- K
1
sK

t bc - i  font  ro 1 Schemes i or a CR-\ Channel

iVhen the P R \  d isc i p l ine is  governed by a di str ‘~~i ited out  rol proci- -

dur~ , nu~ip l ied nve u - a i r - i t imi ct is t channe l , the process iF  , n - 1 } man>- t i t h e s

c m m u m nt  he ohserved hr tine i nd livi dlu al terminals. Then t -nn- i nals - e rie r nil lv

can ohse1 cc , in i -r ich  s lo t  , onl y whethe r a success fu l t t i n s n - i i s s i o n  or col -

i i st uns 1 ave occurred . In the i mi t  ter case , the t~-nc I i m n i  1 oht n i  ins w inf er- —

mat t O l l  n o— to I a ; -  nmuumher of coil isions i nvolved . Phus , t h e  process  observed

n - i  I t i- m n ’ m i n a l is g i i e m m  as ~ (~~~ ,C )  , rm - 1  } , where 5n de u m o t  o n -  t Ii i-  nm u n b er

i f  - : i iccesst  u mi t - a m m s m n  155 ions mci  thin the n—tim group ‘
~n 

r ind C~ g i v e s

t i m i - tot mu l nunuhc- r of  s lo t s  in 1
~n 

( . \ ] ) O i i end i flg c o i l  i s i o n n —  , and ! is t hi- u e t orc

u i e rn 1w

Ln 
= 

~~l ~~~~ 
= 

j~ l 
I (N t -~ -2 ) (1 . ih )

t o n  m m - I , S 1 K i c  {N
11

t
~~~} I S  g i v i - u l li v In (I.(3 .ld ). N o t e  t ha t
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is not tu \ Imuu k m c cha in. An optima I cont ro I procedure i ncorporat i ng the

latter obseru- ni t ion chain can be developed ] in  a manner imi  lar to th a t

pm i -- -- ermtet f t u l i m i v e  . l ioi~ever , due to the sliec i mu l character of t h e  underl v i r m g

state sequence , we can read i ly make the follow i nc ohserv mn t ions .

Se note tha t  R~ �2C~ . Wi thin the c r o n e  of n ln - ce (i tn il t le n ic k i - t  l e l n i v

i -n t l iii --: we fu r the r  expect er ich coi l  i Si Ofl to i nvol u- n an n i v e r n i g e  t i i u n ) s - r  of

I r : insmiss ions win ich is very close to 2 , and is  lowe r t h i n  3 . Thus , we

s] told have R rC w i t h i n  th is  range , w i t h  r = 2  . When R -i -C t hen n rn n
n im bi - r of group co l l i s ions  rap id ly  inc reases and subset ~unent lv h ig i m er

penei -nnllv unacceptabl e , packet delay v mu lue s are obta i ned . Therefore , es-

imunat ing  {R , n�l } ~~ n~~~~n
,hi n i  } , we can emp loy the opt iina l s i n g l e -

threshold scheme developed above . The la t te r  scheme , denoted by C

now disCs observations of {C ,n~ 1} and a threshold K~ . We t hus expec tn -

t im i s  scheme to exh ib i t  a delay-throughput curve very close to that thi n u jr-ned

l iv t ile opt ima l scheme wh i ch uses {R n
} observations and threshold  K 1

tin ! -ti -rves as a lower-hound to the per formance cum-ve of C , with

K 1 =r ’K 1

P erform ance points for a s ing le-thres inold scheme C n i n e  shom-a -n in

b - u p s . 4 . 1 - 4 . 2  , for  K=R =1 2 . The results completely verify tim e above-

ment t oned observations . The optimal performance points  for C are all

mm ;t e d  to  lie on the l ower-bound per lormance curves for  the schenme us i ng

observations . I urthennore, scheme C wi th threshold K7 K
1 /2 is

not i- ti to a t t a i n  performance curves very close to those ob t a ined  liv the

opt ima l - rc la - i m i e  us i ng (R ~ } observations and threshold K 1 , K1 - ‘I . ()nl

when the latter scheme has uti li:ed a threshold K
1 

-\1 , we note tha t

scheme C would u t i l i z e  threshold K 2 -2K 1 . The l a t t e r  s i t u a t i o n , however ,
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represents ni r ange of undIes u table threshold i - nil ties , s ince  scin en ic s Usi ng

lower t h r e s h o l d  i - ni l i~ ’r- y i e l d  lowe r packet delays under the same c i i  uc-s

I s L e  b ig. 4 . 1 ) .  (Sc thus conc l ude that a s ing l e - th re sho ld  scheme u s i n g

C ohn;eni-ti t ions api-rates is m~-i’ l 1 as the optiulul 1 si ngl e— t h i - e s h a l d  scheme

I N  i t i ~ {R
11 

ohserc nut ions w i t h i n  the accep tab le  ran gt - of D~b’() m u  I t i n ~r 
-

m ine met h od s presented mind used in  this paper can he app lied 1 ti m study

a vt mnic- t y ot othe r r e l n u t e d  CPA access-cont ro l d i sn  i p l i r n e s .  I t oi- ex rIr T u J i le ,

in certain apI ! icat ions we mi ght wish to reject cem-tain colliding pachets

r it her thr-unn new tran srn j ss ions . W~ can thus study a i Tht -\ scheme w i t h  a 0- 1

c on i t r i r l  funct ion  
~~~ 

whic h uses { R }  or { C }  observa t ions and re-

j e c t s , at appropriate times, all  coll i s i ons wi thin t i me corresponding period .

line performance analysis for such a scheme follows t ha t  presented in

Nt-ct I~ fls I l l - T V . In par t icu la r , we can note that the  r i s s c i c i m u t e d  ‘Iarkov

diec ision problem involves now the cost function C(R
ui
,tJ
n
) = R I l + ~ ll ~~

line resulting optimal sing le- threshold scheme , deno t ed by C 7 , is r e a d i l y

sh own to have similar performance characteristics l i t  those i n d i c n u t e d  in

Theorem 5 and Corol lary  2 .  Perform ance po in t s  for a ~ 2 scheme for

A=0. 3 , K=R = 12 are shown in l ig .  4 . 1 .  I hi- n i v e r - n u g e  p n r c k e t  de l ay  v t i l u c  here

incorporates both  success fu l and re j ected trmnnsuuiissi ans . We note tha t  this

scheme y ields lowe r packet delay value s at hig her rejec t ion p r o b a b i l i t i e s

( i R -~O.O S) when compared with the previous scheme . 1-or r e j ec t ion  prob abi l i -

t ies  0 .0 l 4 - P 1~- O . O 5 , comparable packet delays tire attained by both schemes .

Scheme 
~~ 

however , y ie lds  a m i n i m a l p robab i l i ty  of rej ect ion

while  the pr evious scheme y ields PR°=0. 004 . The Initter is thus pre fe r-

able at lower values .
p
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(onc los ions

(Sc ) l n u c e  j)re- eTl tCdI ri n d! s tud ied  Group Random- -\ccess access -control

disc  i 1 i I  ines for  a - mi i i  t i - :i cccs~ communic at i o n  channe l  . ‘ CPA scheme mo e s

ou ni y certni in channel t i me -per 1 0(15 , dmn r ing which some network te r u m  nri l s

i t  I erlj it to t rtlnsmi t the i n infonmvut i n  —hear ing  I>a ~~ -t s , on mu random-

niccess has is . The channel can-n thus be uti lized n i t  other tines to grant

0 cn-ss to other terminals , or other nmessage types.

l u stabilize the Gft-\ channe l , an appropr i mite dynamic control proce-

dure is applied . The state of the underlying channel state sequence is

observed by each ternminal and subsequently, within certain periods , no

t ransmissions are allowed . During these per iods, new l y arriving packets

mire thus rejected . The performance of a dynamically controlled GRA chan-

nel is characterized in terms of the average packet delay (I)) and the

l micket probability of rejection (P1~
) , or network throughput(s). The

opt imal control policy , yielding the minimal average packet delnu v under a

prescribed rejection probability, is derived and c!m nurni cten i:ed 1tv studying

ti -ne nissociated Markov decision process. A M-urkov rn ut io limit theorem is

used to evaluate the packet average waiting-time function .

The performance resu lts presented here demonstrmute the excellent

de l muv-throug hput performance of a CR/s channel , over the acceptable r inge

of traffic intensities . We further note that a threshold u- ni lue

yielding the minima l probability of rejection , is many times a good choice.

1m ur thenr~re , if only the sequence t(~~,n>l } , indicating the ni~iiher of

colliding slots within a group , can he observed , mis is generally the cmise

for distr ibuted cont rol broadcast channels , we have shown that a correspond-
p

ing sing le-threshold scheme ~ with threshold ~2~K
1 /2 yields a nearly

p
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Opt Ullil l d e l m u v - t h r o u g hput performance. Ot he r control schemes are noted

to be governed by s i m i l a r  charac ter is t ics , and analyzed using similar

methods. As for a slotted-AiA)I LA~ ISA ) randoni-acd-ess procedure , the CR/s

scheme is shown to a l l ow r i maxima l throughput of e~~ . Ice also note

t ime de l ay-th roug hput c h a r a c t e r i s t i c s  of a c onm t  ro l l ed  CPA channel  to he

s i m i l a r  to those of an appropriately control led c— A channel .  A CPA

n ic c es s -  control procedure , however , allows for a much h ig her degree of

dynamic and efficient utilization of a mul t i -access  channel which

u t i l i zes integrated random-access , reservation and f ixed  acce9s-control

procedures , or u t i l i z e s  the CR/s scheme only to provide channel access

to certain protocol packets .
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